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We find the evolution of arbitrary excitations on 2-charge supertubes, by mapping the 
supertube to a string carrying traveling waves. We argue that when the coupling is increased 
from zero the energy of excitation leaks off to infinity and when the coupling is increased 
still further a new set of long lived excitations emerge. We relate the excitations at small 
' an d large couplings to excitations in two different phases in the dual CFT. We conjecture a 

way to distinguish bound states from unbound states among 3-charge BPS geometries; this 
would identify black hole microstates among the complete set of BPS geometries. 
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1 Introduction 



A supersymmetric brane in Type II string theory is a 1/2 BPS object. The bound state of 
iV identical branes (wrapped on a torus) can be mapped by duality to a massless quantum 
with momentum P = N/R on a circle of radius R. Thus the bound state has degeneracy 256, 
regardless of N. 

The situation is very different for 1/4 BPS states. Such states can be made in many duality 
related ways: NS1-P, NS1-D0, D0-D4, D1-D5 etc. If the two charges are ni,n 2 then the 
degeneracy of the bound state is Exp{2ir\/ 2y/ninJ[ ^H]. In the classical limit n\,n% — ► oo 
this degeneracy manifests itself as a continuous family of solutions. Examples are the 2-charge 
D1-D5 solutions found in j^j and the supertubes constructed in [1J03IE]- These 2-charge states 
are important because they give the simplest example of a black hole type entropy [2]. 

In this paper we address the question: What is the low energy dynamics of such 1/4 BPS 
states? We will perform some calculations to arrive at a conjecture for the answer. The 
behavior of the system can depend on whether the coupling is small or large, and whether 
we have bound states or unbound states. For this reason we first give an overview of possible 
dynamical behaviors, and then summarize our computations and conclusions. 

1.1 Possibilities for low energy dynamics 

In the following it will be assumed that all compactifications are toroidal, and all branes are 
wrapped on these compact directions in a way that preserves 1/4 supersymmetry. 

(a) 'Drift' on moduli space: A DO brane can be placed at rest near a D4 brane; there 
is no force between the branes. Thus we have a moduli space of possibilities for the relative 
separation. If we give the branes a small relative velocity v then we get a ~ v 2 force, and the 
resulting motion can be described by 'motion on moduli space' [7j. More generally, we can 
make 3-charge black holes that are 1/8 BPS and their slow motion will be described by motion 
on a moduli space [HJ|?5]. For later use we make the required limits explicit: The velocity v is 
O(e), the time over which we follow the motion is 0(l/e), and the distance in moduli space 
over which the configuration 'drifts' is 0(1) 

w~e, At~-, Ax~l, (e-*0) (1.1) 

Note that the different branes or black holes involved here are not bound to each other. 

(b) Oscillations: Consider branes carrying just one charge, and let these be NS1 for con- 
creteness. Then the force between branes is ~ i> 4 . So for the relative motion between such 
branes we again get 'drift' on moduli space except that the moduli space is flat ^Uj. But we 
can also focus on just one brane and study its low energy excitations. These will be vibration 
modes along the brane, with the amplitude for each harmonic behaving like a harmonic oscil- 
lator. Calling the amplitude for a given harmonic A n = x we note that x will have the time 
evolution x = x cos(u£ + eft). Setting x = e for a small deformation, the analogue of (|1.1|) is 

v ~ e, At ~ 1, Ax ~ e, (e -> 0) (1.2) 

where we have assumed that we are not looking at a zero mode u = 0. For the zero mode we 
will have the behavior 

x = xq + v t (1-3) 
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and we get 'drift' over configuration space with characteristics given by 

(c) 'Quasi- oscillations ': Consider a charged particle free to move in the x — y plane in 
a uniform magnetic field F xy = B. The particle can be placed at rest at any position on the 
plane, and it has the same energy at all these points. Thus far its behavior looks like that of a 
system with a zero mode. But if we give the particle a small velocity then it describes a small 
circle near its original position, instead of 'drifting' along the plane. The motion is described 
by 

v ~ e, At ~ 1, Ax ~ e (e ->■ 0) (1.4) 

Thus even though we may have a continuous family of energetically degenerate configurations, 
this does not mean that the dynamics will be a 'drift' along this space. 

(d) Gravitational radiation: We are going to give our system a small energy above ex- 
tremality. But the system is coupled to Type II supergravity, and there are massless quanta in 
this theory. Thus any energy we place on our branes can leave the branes and become radiation 
flowing off to infinity. There will of course always be some radiation from any motion in the 
system, but the relevant issue here is the time scale over which energy is lost to radiation. If 
the time scale relevant to the dynamics is At then as e — > we have to ask what fraction of 
the energy is lost to radiation in time At. If the fraction is O(l), then the system is strongly 
coupled to the radiation field and cannot be studied by itself while ignoring the radiation. If on 
the other hand the fraction of energy lost to radiation goes to zero as e — > then the radiation 
field decouples and radiation can be ignored in the dynamics. 

(e) Excitations trapped near the brane: In the D1-D5 system we can take a limit of 
parameters such that the geometry has a deep 'throat' region. In ^2 [3] it was found that 
excitations of the supergravity field can be trapped for long times in this throat; equivalently, 
we can make standing waves that leak energy only slowly to the radiation modes outside the 
throat [El • These are oscillation modes of the supergravity fields and thus could have been 
listed under (b) above. We list them separately to emphasize that the fields excited need not 
be the ones making the original brane state; thus the excitation is not in general a collective 
mode of the initial fields. 

1.2 Results and conjectures 

Consider first the D1-D5 bound state geometries found in pJJ. These geometries are flat space 
at infinity, they have a locally AdS^ x 5 3 x T 4 'throat', and this throat ends smoothly in a 'cap'. 
The geometry of the cap changes from configuration to configuration, and is parametrized by 
a function F(v). All the geometries have the same mass and charges, are 1/4 BPS, and yield 
(upon quantization) different bound states of the D1-D5 system. 

What happens if we take one of these geometries and add a small energy? The bound 
state of D1-D5 branes has a nontrivial transverse size, so one may say that the brane charges 
have separated away from each other in forming the bound state. If the charges indeed behave 
like separate charges then we would expect 'drift on moduli space' dynamics, (type (a) in our 
list). Or does the bound state fragment into a few unbound states, which then drift away from 
each other? This is in principle possible, since the D1-D5 system is threshold bound. Do we 
stay within the class of bound geometries of [5j but have 'drift on moduli space' between 
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different bound state configurations (i.e. drift on the space F(v))t Or do we have one of the 
other possibilities (b)-(e)? 

Now consider the opposite limit of coupling: Take a supertube in flat space. The supertube 
carries NS1-D0 charges, and develops a D2 'dipole' charge. This D2 brane can take on a 
family of possible profiles in space, giving a continuous family of 1/4 BPS configurations. What 
happens if we take a supertube in any given configuration and add a small amount of energy? 
Is there a 'drift' among the family of allowed configurations, or some other kind of behavior? 

In |13| the 'round supertube' was considered, and the low energy behavior yielded excitations 
with time dependence ~ e~ lujt . Can we conclude that there is no 'drift' among supertube 
configurations? Any drift can occur only between states that have the same values of conserved 
quantities. The round supertube has the maximal possible angular momentum J for its charges, 
and is the only configuration with this J. So 'drifting' is not an allowed behavior if we give 
a small excitation to this particular supertube, and we must look at the generic supertube to 
know if periodic behavior is the norm. 

We now list our computations and results: 

(i) First we consider the 2-charge systems in flat space (i.e., we set g = 0). It turns out 
that the simplest system to analyze is NS1-P, which is given by a NS1 string wrapped n\ times 
around a circle S , carrying n p units of momentum along the S . The added excitation creates 
further vibrations on the NS1. But this is just a state of the free string, and can be exactly 
solved (the classical solution is all we need for our purpose). Taking the limit ni,n„ — ► oo we 
extract the dynamical behavior of the supertube formed by NS1-P charges. In this way we get 
not only the small perturbations but arbitrary excitations of the supertube. 

We then dualize from NS1-P to D0-NS1 which gives us the traditional supertube. This 
supertube can be described by a DBI action of a D2 brane carrying fluxes. We verify that the 
solution found through the NS1-P system solves the dynamical equations for the D2, both at 
the linear perturbation level and at the nonlinear level. 

Even before doing the calculation it is easy to see that there is no 'drift' over configurations 
in the NS1-P dynamics. The BPS string carries a right moving wave, and the excitation just 
adds a left moving perturbation. Since right and left movers can be separated, the perturbation 
travels around the string and the string returns to its initial configuration after a time At ~ 1. 
But this behavior of the 'supertube' is not an oscillation of type (b); rather it turns out to 
be a 'quasi-oscillation' of type (c). This can be seen from the fact that even though we move 
the initial tube configuration towards another configuration of the same energy, the resulting 
motion is periodic rather than a 'drift' which would result from a zero mode p.3|) . 

(ii) Our goal is to move towards larger values of the coupling g. At g = the gravitational 
effect of the supertube does not manifest itself at any distance from the supertube. Now imagine 
increasing g, till the gravitational field is significant over distances ~ Q from the supertube. 
Let the radius of the curve describing the supertube profile be ~ a. We focus on the domain 

Q<a (1.5) 

Then we can look at a small segment of the supertube which looks like a straight line. But this 
segment is described by a geometry, and we look for small perturbations of the geometry. We 
solve the linearized supergravity equations around this 'straight line supertube' and note that 
the resulting periods of the solutions agree with (i) above. 
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We note however that far from the supertube the gravity solution will be a perturbation on 
free space with some frequency satisfying uj 2 > 0. The only such solutions are traveling waves. 
For small Q/a we find that the amplitude of the solution when it reaches the approximately 
flat part of spacetime is small. Thus we expect that the radiation into modes of type (d) will 
be suppressed by a power of Q/a. 

(iii) Now imagine increasing g to the point where 



In this situation we see no reason why the part of the wavefunction leaking into the radiation 
zone should be suppressed. Thus we expect that the excitation will not be confined to the 
vicinity of the branes, but will be a gravitational wave that will flow off to infinity over a time 
of order the crossing time across the diameter of the supertube. 

(iv) We increase the coupling further so that 



Now the geometry has a deep 'throat' and as mentioned above we find excitations which stay 
trapped in this throat for long times, with only a slow leakage to radiation at infinity. What is 
the relation between these excitations and those found in (ii)? We argue that these two kinds 
of excitations are different, and represent the excitations in two different phases of the 2-charge 
system. These two phases were identified by looking at microscopic degrees of freedom as a 
function of g in [141 115j . and what we see here appears to be a gravity manifestation of the 
transition. 

(v) All the above computations were for bound states of the 2-charge system. But we have 
seen above that if have unbound states - two different 2-charge black holes for example - then 
we get 'drift' modes of type (a). It looks reasonable to assume that in any coupling domain 
if we have two or more different bound states then the relative motion of these components 
will be a 'drift'. For example at g = we can have two supertubes that will move at constant 
velocity past each other. 

It is intriguing to conjecture that this represents a basic difference between bound and 
unbound states: Bound states have no 'drift' modes and unbound states do have one or more 
such modes. The importance of this conjecture is that 3-charge systems are very similar to 
2-charge ones, so we would extend the conjecture to the 3-charge case as well. While all bound 
states can be explicitly constructed for the 2-charge case, we only know a few 3-charge bound 
states There is a way to construct all 3-charge supersymmetric solutions jEj but the 

construction does not tell us which of these solutions are bound states. Since these bound 
states are the microstates of the 3-charge extremal black hole, it is very important to be able to 
select the bound states out of all the possible supersymmetric solutions. The above conjecture 
says that those states are bound which do not have any 'drift' type modes of excitations, and 
the others are unbound. If this conjecture is true, then we have in principle a way to identify 
all 3-charge black hole states. 

Note: We will use the term 'supertube' or just 'tube' for 2-charge bound states in all 
duality frames, and at all values of the coupling. The supertube made from D0,NS1 charges 
carries a D2 dipole charge, and we will call this the D0-NS1 supertube or the D2 supertube. 
When we use charges NS1,P we will call the object the NS1-P supertube. 



Q ~ a 



(1.6) 



Q > a 



(1.7) 
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2 The NS1-P bound state in flat space 



We will find that the most useful representation of the 2-charge system will be NS1-P. We 
compactify a circle S 1 with radius R y ; let X 1 = y be the coordinate along this S . The 
elementary string (NS1) is wrapped on this S 1 with winding number m, and n p units of 
momentum run along the S . We are interested in the bound state of these charges. This 
corresponds to the NS1 being a single 'multiwound' string with wrapping number m, and the 
momentum is carried on this NS1 by its transverse oscillations. 4 

Consider first the BPS states of this system. Then all the excitations carry momentum 
in one direction; we set this to be the positive y direction and call these excitations 'right 
moving'. In Fig^a) we open up the multiwound string to its covering space where we can see 
the transverse oscillation profile. As explained in JH] these oscillations cause the n% strands to 
separate from each other and the bound state acquires a transverse 'size'. For the generic state 
of this 2-charge system the radius of the state is ~ \fa' and the surface area of this region gives 
the entropy of the state by a Bekenstein type relation 

~ S micro = 27TV^V™1™5 (2-1) 

To understand the generic state better it is useful to look at configurations that have a much 
larger transverse size, and later take the limit where we approach the generic state. The relevant 
limit is explained in |21| . In this limit the wavelength of the vibration on the multiwound string 
is much larger than the radius of the S , so locally the strands of the NS1 look like Fig^b). 
In the classical limit n\n v — * oo these strands will form a continuous 'strip', which will be 
described by (i) the profile of the strip in the space transverse to the S 1 and (ii) the 'slope' of 
the strands at any point along the profile. 5 

An S-duality gives NS1-P -> Dl-P, and a further T-duality along y gives Dl-P -> D0-NS1. 
But note that locally the string is slanted, and the T-duality also generates a local D2 charge. 
Thus we get a 'supertube' 6 where the D0-NS1 have formed a D2 j^j. There is of course no 
net D2 charge; rather the D2 is a 'dipole' charge. Note also that the slope of the NS1 in the 
starting NS1-P configuration implies that the momentum is partly along the direction of the 
'strip'. Since we do no dualities in the strip direction we will end up with momentum being 
carried along the D2 supertube. 

In this BPS configuration the D2 supertube is stationary. If we add some extra energy to 
the tube (while keeping its true (i.e. non-dipole) charges fixed) then we will get the dynamics 
of the supertube. But we can study the dynamics in the NS1-P picture and dualize to the D2 
supertube at the end if we wish. In the NS1-P picture we just have to study a free, classical 
string. Here the left and right movers decouple and the problem can be solved exactly. Let us 
review this solution and extract the dynamics of the 'supertube' in the limit of large charges. 

4 The momentum can also be carried by the fermionic superpartners of these oscillation degrees of freedom, 
but we will not focus on the fermions in what follows. For a discussion of fermion modes in the 2-charge system 
see for example JH] ■ 

5 Note that the separation between successive strands is determined by the slope, since the radius of the S 1 is 
fixed at R y . 

6 In (22 the same dualities were performed in the reverse order. 
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(b) 



(a) 



Figure 1: (a) The NS1 carrying a transverse oscillation profile in the covering space of S 1 . (b) The 
strands of the NS1 as they appear in the actual space. 

2.1 The classical string solution 

The string dynamics in flat space is described by the Nambu-Goto action 



S TO --T./-d*[^£f] (") 



dx a dx 



where 

1 



We can get an equivalent dynamics by introducing an auxiliary metric on the world sheet (this 
gives the Polyakov action) 

2 J AV y dx a dx b 



The variation of g a b gives 



dx a dx b 2 ^ dx c dxd 9 W 



so g a b must be proportional to the induced metric. Substituting this g a b in Q2.4JI we get back 
(|2.2|) . thus showing that the two actions are classically equivalent. 
The equations give 

-dX u 



»a[V=?^« a6 ] = (2.6) 

Note that the solution for the X^ does not depend on the conformal factor of g^. 

We choose coordinates x° = x 1 = & on the world sheet so that g a b = e 2p r] a b for some p. 
Writing 

X + = X° + x\ X~=X°-X 1 (2.7) 
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we have 

g ++ = 0, = (2.8) 

Since the induced metric must be proportional to g a b we get 

dX^ dX^ __ () dX>* dX^ _ () 

Thus in these coordinates we get a solution if the X^ are harmonic functions 

X£ a = (2.10) 

and they satisfy (|2.9|1 . The equations (|2.10l) imply that the coordinates can be expanded 
as 

X» = X»( X + )+Xt( X -) (2.11) 
We can use the residual diffeomorphism symmetry to set the harmonic function X° to 7 

X° = a + bf = d + b l -{x + +X~) (2-12) 

Let the coordinate along the S l be called y. We can solve the constraints to express the terms 
involving y in terms of the other variables. We find 



d + y + = ±\j j-d + Xid + X* + , = ±y j - d^Xid^Xl (2.13) 

where X 1 , i = 1 ... 8 are the spatial directions transverse to the S 1 . The parameter b should be 
chosen in such a way that the coordinate y winds n w times around a circle of length R y when 
o — ► g -\- 2ir. There is no winding around any other direction. We also use a reference frame in 
which the string has no momentum in any direction transverse to the S . We let < g < 2n. 
Then the target space coordinates can be expanded as 

y = ^f + n w R y G + Y,(cne in x-+d n e in * + ) 
X i = Y,(°n einX ~ +<e inx+ ) (2-14) 

Define 



s+ = J j - d + xxd + xx , 5_ = J j - d-X*Ld-Xi (2.15) 

From the energy and winding required of the configuration we find that the choice of signs in 
(t2~T3l should be 

d+y+ = S+, = -S- (2.16) 

7 Note that it is more conventional to set a light cone coordinate X + to be linear in f. Using a light cone 
coordinate allows the constraints l|2.9|l to be solved without square roots, but for us this is not important since 
we will not need to quantize the string. 
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After an interval 

Af = vr (2.17) 

all the X 1 return to their original values. This can be seen by noting that a is only a parameter 
that labels world sheet points, so the actual configuration of the system does not depend on 
the origin we choose for a. Thus consider the change 

(f = fi, a) -> (f = fl + 7T, <7 + tt) (2.18) 

From 1)2.14(1 we see that the X 1 are periodic with period f = ir. The coordinate y does not 
return to its original value, but in the classical limit that we have taken to get the 'supertube' 
we have smeared over this direction and so the value of y is not involved in describing the 
configuration of the supertube. But the slope of the NS1 at a point in the supertube is relevant, 
and is given by 

.dX\ /,dy. 



/(& (2,,) 



da I do 
But 

|| = n w R y + Y, [(-in)c n e in ^ + {in)d n e m ^} (2.20) 

We see that dy/do is periodic under (|2.18|) and thus so is (|2.19j) . 

From (J2.12|) we see that when f changes by the above period then 

AX° = bAf = bir (2.21) 

and the supertube configuration returns to itself. But 

b = a'P° = aE (2.22) 

where E is the energy of the configuration. We therefore find that the motion of the supertube 
is periodic in the target space time coordinate with period 

At = AX° = a'nE (2.23) 

For the NS1-P system the dipole charge is NS1 - this arises from the fact that the NS1 slants 
as shown in Fig^b) and so there is a local NS1 charge along the direction of the supertube. 
The tension of the NS1 is T = 1/(2™:'). This is thus the mass of the dipole charge per unit 
length 

m " - *b (2 - 24) 

We then see that (|2.23|) can be recast as 

At = -— (2.25) 
2m d 1 ; 

This form for the period will be of use to us later, because we will find that it holds in other 
duality frames as well. 
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2.2 The linearized perturbation 

We can solve the NS1-P system exactly and we have thus obtained the exact dynamics of the 
supertube in flat space. For some purposes it will be useful to look at the small perturbations 
to the stationary tube configurations. We now study these small perturbations, starting in a 
slightly different way from the above analysis. 

Consider first the string in a BPS configuration: The wave on the string is purely right 
moving. We know that in this case the waveform travels with the speed of light in the positive 
y direction. Let us check that this is a solution of our string equations. This time we know the 
solution in the static gauge on the worldsheet: 

t = bf, y = ba (2.26) 

Writing ^ = f ± a and noting that a right moving wave is a function of £~ we expect the 
following to be a solution 

t = b^^, y = b^^, X' = X\C) (2-27) 

In these worldsheet coordinates the induced metric is 

ds 2 = -b 2 d£ + dC + {X 1 'X 1 ') {dCf (2-28) 

so it does not satisfy (|2.8[) . (Here prime denotes differentiation with respect to f~ ). However 
we can change to new coordinates on the worldsheet 

(f + ,n = (£ + -/(r),r) (2.29) 

with 

nn = (x ^ )(n (2.30) 

This brings the metric to the conformally flat form 

ds 2 = -b 2 dCdi + (2.31) 
Moreover, rewriting (|2.27jl in terms of (£ + ,£~) 

one sees that the configuration is of the form 

X" = x^+) + a£(0 (2-33) 
so that the X 11 are harmonic in the coordinates (£ + ,£ - ). Thus the coordinates (£ + ,£~) are 



conformal coordinates for the problem and we have verified that (|2.27j) is a solution of the 
equations of motion. 
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We now proceed to adding a small right moving perturbation, which was our goal. Consider 
the perturbed configuration 




y = ba = b 



e + -r +/(n 



2 



(2.34) 



where x 1 is assumed small. Then the induced metric on the worldsheet is 



ds 2 = -(b 2 - 2X i 'x i ') dC d£+ + O(x') 2 (di + ) 2 



(2.35) 



so that it is conformally flat to first order in the perturbation. The target space coordinates 
X 11 in (J2.34|) are clearly of the form (|2.33|) so they are harmonic, and we have found a solution 
of the string equations of motion. 

2.3 Summary 

We can get a general solution of the NS1-P system by taking arbitrary harmonic functions X % in 
1)2.14)1 and determining X°, y by (|2.12j) . (|2.13j) . Taking the classical limit where the strands of 
the string forms a continuum gives the arbitrary motion of the supertube, and the period of this 
motion is given by 1)2.25)) . The conformal gauge coordinate a that is used on the string is not 
very intuitive, since it is determined by the state of the string. We next looked at the linearized 
perturbation to a BPS state, and this time we started with an intuitively simple coordinate 
on the string - the static gauge coordinate a proportional to the spacetime coordinate y. We 
found the explicit map (|2.29|) to the conformal gauge coordinates. The solution to the linearized 
problem was then given by an arbitrary choice of the x % in 1)2.34 J) . 

We will now see that these solutions reproduce the behavior of the D2 brane supertube at 
the exact and linearized levels respectively. The NS1-P system is the easiest way to solve the 
problem, since it exhibits the separation of the dynamics into a left and a right mover; this 
separation is not obvious in the other duality frames. 

3 Perturbations of the D0-NS1 supertube 

In this section we will consider the more conventional definition of the supertube: The true 
charges are D0-NS1 and the dipole charge is a D2. The dynamics is given by the DBI action of 
the D2 with worldvolume fields corresponding to the true charges. In ^3] perturbations were 
considered around the 'round supertube' which has as its profile a circle in the (X\,X2) plane. 
This supertube has the maximum possible angular momentum J for its charges. So if we add 
a small perturbation to it we know that we will not get a 'drift' through a set of supertube 
configurations - J is conserved and there are no other configurations with this value of J. So 
even though periodic excitations were found for this supertube we cannot conclude from this 
that small perturbations to the generic supertube will also be periodic. Thus we wish to extend 
the computation of ^3] to the generic supertube. We will write the equations of motion for the 
generic case, but instead of solving them directly we will note that we have already solved the 



10 



problem in NS1-P language and we will just dualize the solution there and check that it solves 
the equations for the D0-NS1 supertube. 8 

We work in flat space with a compact S 1 of length L y = 27rR y , parametrized by the 
coordinate y. We have already obtained the general motion of the supertube in the NS1-P 
description, and below will verify that this solves the general D2 supertube equations as well. 
But first we check the behavior of small perturbations, and for this purpose we model our 
presentation as close to that of |T3] as possible. Thus we let the supertube lie along a closed 
curve 7 in the (Xi, X2) plane, but 7 need not be a circle as in [15] . The worldvolume of the D2 
will be 7 x S 1 . 

Let R and a be the radial and angular coordinates in the [X^X^] plane. We will denote 
by Z a all the coordinates other than t,X\,X2,y- We will also sometimes use the notation 

= {Xi,X%, Z a }. We fix a gauge in which the world volume coordinates on the D2 brane 
are t,a,y. Thus the angular coordinate in the supertube plane serves as the parameter along 
the supertube curve 7. On the D2 world volume we have a gauge field, for which we adopt the 
gauge 

A t = (3.1) 

Thus the gauge field has the form 

A = A a da + A y dy (3.2) 
The D2-brane Lagrangian density is given by usual Born-Infeld term: 



C = -T 2 V-det{g + F) (3.3) 

where Ti is the D2 brane tension, g is the metric induced on the D2 world volume and F is the 
field strength of A. There are no background fields, so there is no Chern-Simons term in the 
action. 

We want to consider fluctuations around a static configuration described by the curve 

R = R(a) , Z a = (3.4) 

and field strength 

F = E dt f\dy + B(a) dy A da (3.5) 

It is known jlj that this configuration 9 satisfies the equations of motion and is supersym- 
metric for arbitrary R(a),B(a) if E 2 = 1 and sign B (a) = ±1. Without any loss of generality, 
we will take E = 1 and sign B(a) = 1 in what follows. The electric field E induces a NS1 
integer charge given by 

1 f , tt 1 f , dC 
- jdaU y = - jda miy) 

where T is the NS1 tension. The magnetic field B induces a DO integer charge equal to 



n\ = — / dally = — I da Q/Q A ^ (3-6) 



n = ^ / dydaB(a) (3.7) 



T, 



The fact that for given charges there is a range of possible configurations around a generic supertube was 
also noted in |23|. 

9 Since the configuration is independent of t, y, the Bianchi identity requires that £ be a constant. There is 
no restriction on B and it is an arbitrary function of a. 
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where To is the DO brane mass. 

We want to study fluctuations around the configuration described above. So we expand the 
Lagrangian up to quadratic order. We will assume that the fluctuations do not depend on y. 
We parametrize the D2-brane world volume as 



R = R(a) +r(a,t) , Z a = z a (a,t) 

and the field strength as 

F = E dt A dy + B dy A da + d t a a dt A da 

= (E + dta.y) dt Ady + (B(a) — d a a y ) dy A da + dta a dt A da 



(3.8) 



(3.9) 



where lower case quantities denote the fluctuations. The metric induced on the D2 brane world 
volume is 



ds 2 



-dt 2 + (d a R da + d a r da + d t r dt) 2 + (R(a) + r) 2 da 2 + dy 2 + (d a z a da + d t z a dt) 2 (3.10) 



The Lagrangian density C for the system is given by 
C 



T 2 



V-detG? + F) 

= { -|d t x| 2 |^x| 2 + (d t x • d a x) 2 + (l - E 2 )\d a x\ 2 + b 2 (i - \d t x\ 2 ) 

-2EB(8 t X ■ d a X.) - (d t a a ) 2 } 1/2 

= {-R 2 [{d t Rf + \d t z a \ 2 } - (d t R) 2 \d aZa \ 2 - (d a R) 2 \d t z a \ 2 + 2d t Rd a Rd t z a d a z a 

+(1 - E 2 )[R 2 + (8 a R) 2 + \d a z a \ 2 } + B 2 [l - (d t R) 2 - \d t z a \ 2 } 

-2EB[d t Rd a R + d t z a d a z a ] + (d t z a d a z a ) 2 - \d a z a \ 2 \d tZa \ 2 

-{dtav) 2 } 1 ' 2 (3.11) 

We wish to find the equations of motion up to linear order in the perturbation. To do this 
we expand C up to second order in r, a y ,a a : 

C 



T 2 



L (0) + L (i) + L (2) 



We find 



L (o) 



-B 



R 2 + (8 a R) 2 - 
o a a y H ^ d t a y + d a Rd t r 



(3.12) 

(3.13) 
(3.14) 



We see that at first order in the perturbation the Lagrangian reduces to a total derivative in 
a and t; this verifies the fact that our starting configuration satisfies the equations of motion. 
The term quadratic in the perturbation is 



L (2) 



R 2 + {3 a R) 2 + B 2 



B 



- 2 



R 2 + (d a R) 2 + B 2 
B 2 



(dtr) 2 — 2dtrd a r 
.d^R 



R 



d a R d t r d t a y - d a r d t a y dta y 



(R' + idaRf + B^i ^ + idaR) 2 ) 2 m + 

(d t a y ) - 2 ^ Vta y d a a y 



B 3 

R 2 + (d a R) 2 + B 2 



B 



(d t z a ) 2 - 2d t z a d a z a - \ dta °\ 



(3.15) 
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From this Lagrangian we find the following equations of motion for the linearized pertur- 
bation: 



R 2 + (d a R) 2 + B\ 2 , f R 2 + (d a R) 2 + B 2 fl2 \c) ff K 
g c\ r + 2d t d c .r + ^ g d t a y + 2d t d a a y j -g- 



-2^d t a y + 2d a (^j^ ) 0,a n 



' R 2 + (d a R) 2 + B 2 fl2 x g + (jUff 
g a t a y + 23*3^ J ^ 



+ ^ g d t r + 2d t d a r) ~ + 2^d t r + d a { ^ J = 

g d;z a + 2d t d a z a = 

£5 

<9 t V = (3.16) 

We have an additional equation coming from the variation of At; this is the Gauss law which 
says 

8 a E a = d a d t a a = (3.17) 

The last equation in ()3.16[) and Q3.17|) together say that we can add an electric field along the a 
direction but this field will be constant in both a and t. We will henceforth set this additional 
E to zero, and thus a a = for the rest of the calculation. 

Note that only time derivatives of fields occur in the equations; there are no terms where 
the fields appear without such time derivatives. Thus any time independent perturbation 
is a solution to the equations. This tells us that we can make arbitrary time independent 
deformations of the supertube, reproducing the known fact that the supertube has a family of 
time independent solutions. 

The DO and NS1 integer charges of the perturbed configuration are 



n = ^ J dydo(B(o) - d a a y ) = jr J dydo B(a) 



T2 . , 
n\ = — I do 



^R 2 + {d a R) 2 R 

= h 2^ r 

B B 



, (R 2 + {d a R) 2 ){R 2 + (d a R) 2 + B 2 ) R 2 + (d a R) 2 
+ ^3 dta v + 52 d ° a v 

R 2 + (d a R) 2 + B 2 5a ^ d a R 1 

H S9 d<jRd t r + 2^r-d a r (3.18) 

B* B J 

We see that the DO charge is unchanged by the perturbation. This charge in fact is a topo- 
logical invariant of the gauge field configuration. For the NS1 charge we can check conservation 
by explicitly computing the time derivative and verifying that it vanishes. 

The angular momentum in the (X±, X2) plane is 



J = J dady (n 2 Xi - UiX 2 ) (3.19) 

where 

dC 

n, = wo- i = 1 ' 2 (3 - 20) 
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Prom the Lagrangian ()3.11j) we find 

n . = _ T 2 f dtXj [(d a Xf + B 2 } - d a X t [(frX&X) - EB] \ (3 21) 

Expanding J up to first order in the perturbation we get 

J = T 2 {2nRy) J da [r 2 + 2Rr + — ^— + + B ^ d t a y ] (3.22) 

3.1 Using the NS1-P solution: Linear perturbation 

The equations (|3,16|) for the perturbations to the D2 brane look complicated, but we will 
obtain the solution by dualizing the NS1-P solution found above. Recall that we have split the 
spatial coordinates transverse to the 5 1 (i.e. the X) as X = {X\, X 2 , Z a }. To arrive at the 
D2 supertube in the (X\,X 2 ) plane we assume that the right moving wave on the NS1 has its 
transverse oscillations only in the (Xi,X 2 ) plane. This solution is then perturbed by a small 



left-moving wave. Recall that we had defined static gauge coordinates f, a (|2.26j) on the world 
sheet and then obtained the conformal coordinates We will find it convenient to use as 

independent variables f and £~. This is because from ()2.26|) we see that f directly gives the 
target space time t, and £~ is the variable in terms of which we have the basic right moving 
wave X(£~) that gives the unperturbed solution. Thus we have 

i + = z + - /(D = 2f - r - /(D , r = ™ 2 b + 2 (x ' )2 (3.23) 

For the NS1-P solution the target space coordinates are given by 

t = bf 

y = ba = b (f — 

Xi(C,T) = X i (C) + x i (i+) ,i = l,2 

Z a (C,f) = z a (i + ) (3.24) 

where Xi,z a are small perturbations. 

We perform an S-duality to go from NS1-P to Dl-P, and then a T-duality along S 1 to get 
the D0-NS1 supertube. The S 1 coordinate y goes, under these changes, to the component A y 
of the gauge field on the D2. In the normalization of the gauge field A used in the action (|3.3|) 
we just get 

y ^ A y (3.25) 

so from (|3.24j) we have 

A y = t-bC (3.26) 

In this solution derived by duality from NS1-P the natural coordinates on the D2 are 
(f, y). 10 But when we wrote the DBI action for the D2 the natural coordinates were (t, a, y), 
where a was the angle in the (Xi,X 2 ) plane 

, x 2 g-,f) 

tana = (3.27) 

Xl(C ,T) 



10 In these coordinates we can see that the electric field is E — d t A y = 1, as expected for the stationary 



supertube configurations. 
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The coordinates t and f are related by a constant, so there is no difficulty in replacing the t by 
f in converting the NS1-P solution to a D0-NS1 supertube solution. But the change £~ —* a is 
more complicated, and will necessitate the algebra steps below. Inverting (|3.27|) gives 

£- = r) (3.28) 

so we see that the change £~ — > a depends on time as well, if the supertube is oscillating. The 
variables describing the supertube configuration will be 



R(a,f) = ^/Xf(a-(a,f),f)+Xl(Z-(a,f),f) 
A y (a,f) = t-bCfa?) 

Z a (a,r) = Z a (C(<r,T),f) (3.29) 

which should satisfy the equations for the D0-NS1 supertube. 

First consider the unperturbed configuration. Here the transformation (|3.28j) does not 
depend on f. For the variables of the unperturbed configuration we write 

X t = Xi(t(<r)) , % = X[{CW)) , i = 1, 2 (3.30) 

where the prime denotes a derivative with respect to the argument £~ . The function £~ (a) will 
be the solution of the equation 

tana = ^ 2 j- j (3.31) 
and the stationary configuration will be given by 



R(a) = ^Xl + Xl 

B{a) = -d a A y = bd ff £-{?) (3-32) 



From the above definitions we can derive the identities 

B b 



B? X\X f 2 — X^X'y 

b K 

Using these identities one can prove a relation that will be important in the following 

B 2 + {d a Bf = B 2 f (3.34) 

where /' = f'(£~ {(?))■ Now consider the small perturbation on the supertube. We will keep all 
quantities to linear order in the Xi, z a . Inverting the relation 1)3. 2 7j) gives us 

c- i- it- i-i ~\ Xix 2 -X 2 xi 

i =£ +i , f ( <7 ' T ) = — FT/ — FT ( 3 - 35 ) 

AiA 2 — A2AJ 

where 

x i = x i {2f-t-f{t)) , * = 1,2 (3.36) 
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Using (|3.35|) . the first identity in ()3.33j) . and performing an expansion to first order in Xj, we 
find the perturbation around the static configuration 



r(a,f) 



a y {a,f) 



R(a, f) - R(a) = (x x X' 2 - x 2 X[) 
bit 

. - . d a R . _ , 
x\ cos a + X2 sin a H =— (xi sin a — x 2 cos crj 



-b£~ 
B 



B 



(xiX 2 - x 2 Xi) 



(x\ sina — x 2 coscr) 

R 

z a (a,f) = z a (2r-C - f(C)) = z a 



(3.37) 



We would like to check that the functions r, a y and z a defined above satisfy the equations 
of motion ()3.16|) . For this purpose, some useful identities are 



d a s> i = -j(i + Dx'!, dX = -jO- + F)% 

We can simplify some expressions appearing in the equations of motion ()3.16j) 



(3.38) 



R 2 + (d a R) 2 + B 2 a2 



B 



d t r + 2dtd a r 



R 2 + (dgR) 2 + B 2 a2 



B 



d t a y + 2d t d a a y 



R 2 + (d a R) 2 + B 2 a 2 



B 



-x'i sin a + x 2 cos a H — (x' x cos a + x 2 sin a) 



R 



+ b d A-R- 



(x'i sin <r — x 2 cos cr) 



-4 — - (£i cos a + x 2 sin cr) 
bR 

"^^(tD ^ SinCT ~~ ^ 2 COSa ^ 



d t z a + 2d t d a z a = 



(3.39) 



The last identity proves that the equations for z a are satisfied. For the equations involving 
r and a y some more work is needed. The l.h.s. of the first equation in ()3,16j) is equal to 



[Xi sin cr — x, coscr 



--(x^ cos<7 + x 2 sin cr) 



l + d a 



dgR 
R 



da 



B\d a R B/R 
+ 



RJ B R\B 



dgR 
B 



d a R B d a R 



R R R 

which, after some algebra, is seen to vanish. The l.h.s. of the second equation in ()3.16|) is 



(3.40) 



4 

-(x' x sin cr — x 2 coscr) 



R 2 + (d a R) 2 . /B\ d a R 



BR 2R 
4 

+-(x 1 coscr + x 2 sin cr) 



B 2 

2 i (a p\2 



R 



B 



I -&a 



dgR 
R 



RdaR IB (R 2 + {daR) 



BR 2 + {daR) 2 _ (dgR) 2 R 



R 



B 2 



BR B 



(3.41) 
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which also vanishes. 

We thus find that the expressions ()3.37j) . with X{, z a arbitrary functions of their arguments, 
satisfy the equations (|3.16|) . 

3.2 Period of oscillation 

We would like to determine the period of the oscillations of the solution (|3.37|) . The world 
sheet coordinate a has a period 2tt. The time dependence of the solution (|3.37|) is contained in 
functions Xj(2f — t — /(£")) and z a (2f — t — fit))- The quantity (X') 2 (£~) which appears 
in the definition of fit) will be the sum of a constant term, R 2 , plus terms periodic in t : 

(X') 2 (r) = R 2 + J>ne m «' + c.c.) (3.42) 



which implies that / has the form 



fit) = % t + J>^" ? ~~ + c.c.) (3.43) 



The functions Xi, z a are functions of the coordinate £~ along the supertube. This supertube is 
a closed loop, so all functions on it are periodic under the shift (f,£~) — > (t, £~ + 2tt). This 
implies 

Xi (2f - r - fit)) = Xi(2f - t - fit) ~ 27r(l + ^-)) (3.44) 

where we have used (|3.43|) to get the change in fit)- 

We have a similar relation for z a (2f — £~ — fit))- Thus the period of the oscillations is 
given by 

h 2 4- R 2 

At = bAf = vr (3.45) 
o 

This form of the period is similar to that found in |13j : it reduces to the period found there 
when the radius R is a constant. 

To arrive at our more general form (|2.25j) we write 

t + fit) = t d X (l + fix)) (3-46) 
J o 

So the change in t + fit) when t increases by 2ir can be written as dx(l + fix))- We 
then find that the argument of Xj, z a are unchanged when (f, £~) — > (f + Af, !;~ + 27r) with 

2Af - (1 + /'(r)) dt = (3.47) 
J o 

Using the identity (|3.34j) we write the above as 
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Now using the fact that B = b , At = bAf and changing variables from £ to u we get 

R 2 + (d a R) 2 ' 



At 



d<j[B + 



B 



(3.49) 



Now we express (j3.49|) in terms of the NS1 and DO charges (we can use the unperturbed 
values of these quantities) , using 



T 



da 



R 2 + (d a Rf 
B 



n 



To 



dy da B 



We get 



_ 1 / n r + niTLy 
~ 2 \ T 2 L y 



(3.50) 



(3.51) 



where L y = 2irR y is the length of y circle in the D0-NS1 duality frame. 

Note that no?o + n\TL y is the mass of the BPS state and since we have added only an 
infinitesimal perturbation it is to leading order the energy E of the configuration. Further T^Ly 
is the mass of the D2 dipole charge per unit length of the supertube curve 7. Thus we see that 
the period again has the form 1)2.25(1 

1 E 

At = -— (3.52) 
2m d y ' 

3.3 Using the NS1-P solution: Exact dynamics 

Now consider the exact NS1-P solution (i.e. not perturbative around a BPS configuration). 
We again perform the required dualities to transform this solution into a solution of the D2 
supertube. We will use as world-volume coordinates for the D2 brane (f,a,y). Then the D2 
solution is given by 



X l = X\{ X + ) + Xl{ X -), A 
E = drAy = d + y + + <9_y_ = t 
B = -d a A y = -d + y + + <9_y_ 



y+(x + ) +y-(x ) 
- 

-(S+ + S-) 



(3.53) 



In this subsection X 1 denotes all coordinates other than t and y. We wish to prove that (|3.53|) 
satisfies the dynamical equations of the D2 brane. The DBI lagrangian density is given by 

T~ 2 



V-det^ + F) 

-{-(d+x) 2 (d a x) 2 + (d,xd a x) 2 + (b 2 - E 2 )(d a x) 2 + B 2 (b 2 - (drX) 2 ) 

-2EB{drXd a X)Y/ 2 
The equations of motion are 

-drX l [{d a X) 2 + B 2 } - daX^drXdaX) - EB] 



(3.54) 



T 



C 

d a X l [{drX) 2 + E 2 — b 2 } - drX^dfXdaX) - EB] 



(3.55) 
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E{d a X) 2 + BjdfXd^X) 

c 



da 



B[{drX) 2 - b 2 ] + E(d f Xd & X) 



c 







(3.56) 



To verify that these equations are satisfied by the configuration (J3.53|) we need following iden- 
tities: 

% + 4(9 + X + ) 2 (5_X_) 2 + 4(9 + X + 5_X_) 2 



+b 2 [2S+S- - 2{d+X+d-X-) - {d+X+f - (d-X-) 2 ] - 8S+S-(d+X + d-X. 



b 2 



+ 2S + S- - 2(d + X + d-X_ 



1/2 



(3.57) 



(d a X) 2 + B 2 

(drXd a X) - EB 
E(d a X) 2 + B(drX8 a X) 



B[(drX) 2 - b 2 ] + E(dfXd a X) 



-[{drX) 2 + E 2 - b 2 } = - + 2S+S„ - 2{d + X + d-X_) 


2S + [{d-X^) 2 - {d+X + d-X-)\ 
2S-[(d+X + ) 2 - (d + X + d-X-)] 
\b 2 

(S+ - S-) [— + 2S+S- - 2{d + X+d-X_ 



2S 4 

2S- 



_ _ {d _x_) 2 - {d + X + d-X_) 

~ + (d + x + ) 2 + {d+x+d-x. 



+ 2S+S- - 2(d + X + d-X_) 



= (S+ + S_ 

Then the equations (|3.55|) . (j3.56|) become 

dfX 1 - djX { = Ad+d-X* = 

d?(S+ - SL) - d a {S + + SL) = 2d^S + - 2d + S- = 

which are seen to be satisfied due the harmonic nature of the fields X % , y. 



(3.58) 



(3.59) 



3.4 'Quasi-oscillations' 

In the introduction we termed the periodic behavior of the supertube a 'quasi-oscillation'. In a 
regular 'oscillation' there is an equilibrium point; if we displace the system from this point then 
there is a force tending to restore the system to the equilibrium point. But in the supertube 
we can displace a stationary configuration to a nearby stationary configuration, and the system 
does not try to return to the first configuration. The only time we have such a behavior for a 
usual oscillatory system is when we have a 'zero mode' (|1.3j) . Such zero modes allow a 'drift' 
in which we give the system a small initial velocity and then we have an evolution like 1)1.1(1 . 
But the supertube does not have this behavior either; there is no 'drift'. 11 

n By contrast, 'giant gravitons' have usual vibration modes |24| . The giant graviton in AdSs x S 3 has a zero 
mode corresponding to changing the radius of the giant graviton, and we find a 'drift' over the values of this 
radius. In 12 giant gravitons were studied for AdSs and it was argued that they give unbound states where one 
brane is separated from the rest |12l I25| . 
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Now consider a different system, a particle with charge e and mass m placed in a uniform 
magnetic field F xy = B. With the gauge potential A y = x we have the lagrangian 

L = y [{±f + (yf] +eA-v = ^ [(if + (y) 2 ] + e xy (3.60) 

The equations of motion are 

x = — y, y = x (3.61) 

m m 

Since each term in the equation has at least one time derivative, any constant position x = 
xq, y = yo is a solution. But if we perturb the particle slightly then the particle does not 
drift over this space of configurations in the manner 1)1. 1JI : instead it describes a circle with 
characteristics (|1.4[) . So while this motion is periodic the physics is not that of usual oscillations, 
and we call it a 'quasi-oscillation'. 

Now we wish to show that the motion of the supertube is also a 'quasi-oscillation'. We will 
take a simple configuration of the D2 brane to illustrate the point. Let the D2 brane extend 
along the z — y plane and oscillate in one transverse direction x. We will restrict to motions 
which are invariant in y and thus described by a field x = x(t,z). We will also turn on a 
(y-independent) world volume gauge field, for which we choose the At = gauge: 

A = A z (t,z)dz + A y (t,z)dy (3.62) 
F = A z dt Adz + A y dt A dy + A y dz Ady = A z dt Adz + E dt A dy - B dz A dy 

Using t, z and y as world volume coordinates, the DBI lagrangian density is 
£ = -y/-det(g + F) = -[1 - x 2 + x' 2 + B 2 (l - x 2 ) - E 2 {1 + x' 2 ) - 2EB xx' - A 2 ] 1 / 2 

(3.63) 

In order to have a qualitative understanding of the dynamics induced by this lagrangian, let us 
expand it around a classical stationary solution with x = 0, E = 1, B = B and A z = 0. We 
denote by a y (t, z) the fluctuation of the gauge field Ay, so that 

E = l + d y , B = B-a' y (3.64) 

As the gauge field A z decouples from all other fields we will set it to zero. Keeping terms up 
to second order in x and a y , we find the quadratic lagrangian density to be 

C9-1 - d v . 1 + B 2 9 , 1 / 1 + B 2 n ,\ 

L m = - B + j> +a > y + ^ + A x > + _ h 2 + hy a Q (3 65) 

The terms of first order in a y are total derivatives (with respect to t and z) and do not contribute 
to the action. The fields x and a y are decoupled, at this order, and both have a lagrangian of 
the form 

(with eft = x or a y ). As we can see the lagrangian (|3.66|) has no potential terms (terms indepen- 
dent of (ft) and we find that any time independent configuration solves the equations of motion. 
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There is however a magnetic- type interaction (4>4>'), which is responsible for the fact that all 
time dependent solutions are oscillatory. Indeed, the equations of motion for <fi are 

l -±S- 4> + 0' = (3.67) 

whose solution is 

( / > = e ikz-*ot UJ = 2 ^ T -k (3.68) 

1 + B z 

One can make the analogy between the interaction (ft 4>' and the toy problem of a particle in a 
magnetic field more precise by discretizing the z direction on a lattice of spacing a. Then we 
have 

(2) _ fm - 2 . ; <Pn+l 



a 

n 



n 

+ — — (3-69) 



where in the second line we have discarded a total time-derivative and m = (1 + B 2 )/B. The 
term c/> n n +i is just like the term xy in (|3.60[) induced by a constant magnetic field where the 
variables <p n , 4> n +i play the role of x, y. 



3.5 Summary 

We have obtained the full dynamics of the D2 supertube, by mapping the problem to a free string 
which can be exactly solved. In the D2 language it is not obvious that the problem separates 
into a 'right mover' and a 'left mover', but 1)3. 53 j) exhibits such a break up. This breakup needs 
a world sheet coordinate a that is a conformal coordinate on the string world sheet, and is 
thus not an obvious coordinate in the D2 language. The D2 has a natural parametrization 
in terms of the angular coordinate on the spacetime plane (Xi,^), and the difficulties we 
encountered in mapping the NS1-P solution to the D2 supertube all arose from the change of 
parametrization. 



4 The thin tube limit of the gravity solution 

So far we have ignored gravity in our discussion of the supertube, so we were at vanishing 
coupling g = 0. If we slightly increase g then the gravitational field of the supertube will 
extend to some distance off the tube, but for small enough g this distance will be much less 
than the radius of the supertube. We will call this the 'thin tube limit', and we picture it in 
FigHb). 

We expect that in this thin tube the dynamics should not be too different from that found 
at g — > 0, and we will find that such is the case; we will find periodic excitations with frequency 
agreeing with that found from the free string computation and the D2 brane DBI action. But by 
doing the problem in a gravity description we move from the worldsheet theory to a spacetime 
one, which will help us to understand what happens when we increase the coupling still further. 
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(a) 



(b) 




(c) 



(d) 



Figure 2: (a) The supertube at g — > 0, described by a worldsheet action, (b) The 'thin tube' at weak 
coupling, (c) The 'thick tube' reached at larger coupling, (d) At still larger coupling we get a 'deep 
throat' geometry; the strands of the NS1 generating the geometry run along the dotted curve. 



Let us recall the 2-charge BPS geometries made in the NS1-P duality frame [3]. Start with 
type IIB string theory and take the compactification Mg t \ — > M^i x S 1 x T 4 . As before the 
coordinate along S 1 is y and the coordinates z a , a = 1 ... 4 are the coordinates on T . The S 1 
has length L y = 2nR y and the T 4 has volume (2ir) V. The four noncompact spatial directions 
are called Xi,i = 1 ... 4. We also write u = t + y,v = t — y. 

The NS1 is wrapped n\ times around the S , and carries n p units of momentum along the 
S . This momentum is carried by transverse traveling waves; we assume that the polarization 
of the wave is in the four noncompact directions and is described by a function F(v). Then the 
string frame metric, B-field and dilaton are 



ds 



string 



B 



„2$ 



H- 1 



-dudv + K dv 2 + 2Ai dv dxj\ + dxidxi + dz a dz a 
— du A dv + H^ 1 Aa dv A d$i 



with 



H 

H 

K 

A t . 



-i 



(4.1) 



Lt 



dv 



Q 



£*(*i(«)) ! 



Q 



FAv) 



Lt Jo dV Ei&-Fi(vW 



(4.2) 
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Here Lt = 27r n\ R y is the total length of the multiply wound string. 

The points on the NS1 spread out over a region in the noncompact directions with size of 
order ~ |_F(i>)|. On the other hand the gravitational field of the NS1-P system is characterized 
by the length scales {Qi) 1 ^ 2 , (Qp) 1 ^ 2 where 



In terms of microscopic quantities we have 

g 2 ^ g 2 a" 
Qi = "i. Q P = y^2 n v ( 4 - 4 ) 

Thus when we keep other parameters fixed and take g very small then the gravitational field of 
the supertube gets confined to a small neighborhood of the supertube and we get a 'thin tube' 
like that pictured in Fig|2^b). If we increase g large then we pass to a 'thick tube' like Fig|2^c) 
and then to the 'deep throat' geometry of Fig|^d). We can thus say that Fig|2fa) is 'weak 
coupling' and Fig|2^d) is 'strong coupling' but note that for 'strong coupling' g itself does not 
need to be large since the charges n\,n p are large in (|4,4j) . Thus to be more correct we should 
say that Fig.2(d) is obtained for large 'effective' coupling. 

In this section we will consider the 'weak coupling' case so that we have a 'thin tube'. Then 
to study the nontrivial part of the metric we have to go close to a point on the tube, so the tube 
looks essentially like an infinite straight line. Let z be a coordinate along this line (not to be 
confused with z a , which are coordinates on T 4 ) and r the radial coordinate for the three-space 
perpendicular to the ring. The NS1-P profile was described by a function F(v); let v = vq 
correspond to the point z = along the ring and choose the orientation of the z line such that 
z increases when y increases. Then we have 

z^-\F(v )\(v-v ), ^(xi-F^)) 2 ^z 2 + r 2 (4.5) 

i 

Since we are looking at distances r from the ring which are much smaller than the size of the 
ring we have 

r<|F(wo)| (4.6) 
We can thus make the following approximations 



L T \F(v )\ J-^z 2 + r 2 L T \F(v )\ r 

Qi|FM|vr 1 ^Qivrl 
K sa , A z S3 — (4.7) 



Define the charge densities 



QlTT ^ _ Ql\F(v )\TT 

L t \F(v )\ 



Qi = —^i — , q p = ^' ; u;i (4.8) 

Lt 
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Then we get the geometry (in the string frame) 

dsltring = H~ l [—2dt dv + K dv 2 + 2A dv dz] + dz 2 + dxidxi + dz a dz a 
B = (H~ l - 1) dt A dv + H- 1 AdvAdz 
e 2 * = H- 1 (4.< 



H = l + 9±, K = l + K = l + ^, A =^^ (4.10) 

Here we use Xi, i = 1,2,3, to denote the three spatial noncompact directions transverse to the 
tube. 

We are looking for a perturbation of 1)4. 9|) corresponding to a deformation of the string 
profile. The profile could be deformed either in the non-compact x% directions or in the T 4 
directions. We consider deformations in one of the directions of the T 4 ; this maintains symmetry 
around the tube in the noncompact directions and is thus easier to work with. We thus consider 
deforming the string profile in one of the T 4 directions, denoted a. We will also smear the 
perturbed metric on T 4 , so that our fields will be independent on z a . 

The BPS geometry ()4,9|) carries a wave of a definite chirality: let us call it right moving. If 
the deformation we add also corresponds to a right moving wave, the resulting geometry can 
be generated by Garfinkle-Vachaspati transform |26l I27j . This will alter the metric and B-field 
as follows: 

ds 2 strin g -» ds 2 strmg + 2 A W dz a , B^B + A {2) A dz- a (4.11) 

where 

A (l) =A (2) =H -l avdy (412) 

and a v is a harmonic function on K 3 x S], whose form will be given in section 1)4.2)1 . If we also 
add a left moving deformation, thus breaking the BPS nature of the system, we do not have 
a way to generate the solution. Note, however, that the unperturbed system has a symmetry 
under 

Za -> -Za (4-13) 

and the perturbation will be odd under such transformation. We thus expect that only the 
components of the metric and B-field which are odd under (|4.13|) will be modified at first order 
in the perturbation. We can thus still write the perturbation in the form 1)4.11)1 . with AP'' and 
some gauge fields on IR^ 3 ' 1 ) x Si x Sy, not necessarily given by 1)4.12)1 . 
To find the equations of motion for ^l^ 1 ^ and „4( 2 ) we look at the theory dimensionally 
reduced on T 4 , using the results of At first order in the perturbation the dimensionally 
reduced metric g% is simply given by the six-dimensional part of the unperturbed metric 1)4.9)1 . 
The part of the action involving the gauge fields is 

Sa = J V^e- 2 *[-\(F^) 2 -\(FW) 2 -±H 2 } (4.14) 

where all the index contractions are done with g$. and F^ are the usual field strengths 
of A^ and ./4,( 2 ) while the field strength H of the dimensionally reduced B-field B includes the 
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following Chern-Simons couplings: 

H, vX = d,B uX - l{Af + A® F$) + eye. perm. 

Br = B, v + \{Af A^ - 4 2 ) AP) (4.15) 

Using B, A^ and *4,( 2 ) as independent fields, we find that the linearized equations of motion 
for the gauge fields are 

V^e" 2 * F«) + ie" 2 * H^ x F« = , V^(e" 2 * fg>) + ^e" 2 * jff^ A F$ = (4.16) 
These can be rewritten as decoupled equations as 

A ± = A {1) ± -4 (2) (4.17) 

V^(e" 2 * F± ) ± \e~^ H^x = (4.18) 

Our task is to find the solutions of these equations representing non-BPS oscillations of the two 
charge system (I4.9j) , 



4.1 Solution in the 'infinite wavelength limit' 

The geometry (|4.1|) has a singularity at the curve x = F(v), which is the location of the strands 
of the oscillating NS1. Since we wish to add perturbations to this geometry, we must understand 
what boundary conditions to impose at this curve. The wavelength of the oscillations will be of 
order the length of the tube. Since the tube is 'thin' and we look close to the tube, locally the 
tube will look like a straight line even after the perturbing wave is added. The wave can 'tilt' 
the tube, and give it a velocity. So in this subsection we write the metric for a straight tube 
which has been rotated and boosted by infinitesimal parameters a, (3. In the next subsection 
we will require that close to the axis of the tube (where the singularity lies) all fields match 
onto such a rotated and boosted straight tube solution. 

We will consider oscillations of the supertube in one of the T 4 directions. Since we smear 
on the T 4 directions, the solution will remain independent of the torus coordinates z a but we 
will get components in the metric and B field which reflect the 'tilt' of the supertube. We are 
using the NS1-P description. The unperturbed configuration looks, locally, like a NS1 that is a 
slanted line in the y — z plane, where z is the coordinate along the tube. The perturbation tilts 
the tube towards a T 4 direction Zg,- We will find it convenient to start with the NS1 along y, first 
add the tilt and boost corresponding to the perturbation, and then add the non-infinitesimal 
tilt in the y — z plane (and the corresponding boost). 

We start from the one charge system 

H- 1 [-{dt"f + (dy") 2 ] + (d~z"f + dxidxi + dz'ldz'i + ^ dz a dz a 
-(H- 1 - l)dt" Ady" 

H- 1 (4.19) 



r/s 2 

""^ string 



B 

2<S> 
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and perform the following operations: An infinitesimal boost in the direction with parameter 

P 

t" = t'-z' a (3, % = z' a -t'(3, y" = y', z" = z' (4.20) 
and an infinitesimal rotation in the (y',z' d ) plane, with parameter a: 

y=y + z a a, z- a = Za-ya, t' = i, z=z (4.21) 

These operations give 

-dP + dy 2 — 2a(H — 1) dy d~z- a - 2/3 (if - 1) dt dz 5 
+ dz 2 + dxidxi + dz a dza + dz a dz a 

B = -(H- 1 - 1) di A dy + /3 H- 1 (H - 1) dy A dz a + a H- 1 (H - 1) di A dz a 

H' 1 (4.22) 



ils 2 — H^ 1 

""^string x± 



2$ 



e 

We can read off from (j4,22|) the gauge fields A ±m . 

A + = (a - (3) H- 1 (H - 1) dv , A~ = —(a + (3) H^ 1 (H — 1) du (4.23) 

(n = t + y and v = t — y). The part of the perturbation proportional to a — (3 represents a 
right moving wave, in which case only the A + gauge field is excited. The reverse happens for 
the left moving perturbation, proportional to a + (3. 

We would now like to add a finite amount of momentum Q p to the system (|4.22j) . This 
momentum is carried by a right moving wave moving with the speed of light in the positive y 
direction, with polarization in the direction z. The result will give us a geometry representing 
a small perturbation of the system (|4.9j) . We can reach the desired configuration from (|4.22j) 
by performing a boost in the direction z with parameter (3 

t = t' cosh (3 — z' sinh (3 , z = z' cosh (3 — t' sinh f3 , y = y' , Za = z' a (4.24) 

followed by a rotation in the {y' , z') plane, with parameter a: 

y' = y cos a + z sin a z = z cos a — y sin a , t' = t , = z s (4-25) 

The parameters a, (3 are related. This is because the segment of string under consideration 
is supposed to be a short piece of the string in a state like that in Fig^a), where the traveling 
wave is moving in the positive y direction with the speed of light. We depict this segment in 
Fig|21 We can ask how fast the string segment must be moving in a direction perpendicular to 
itself to yield dy/dt = 1, and we find 

v± = — tanh/3 = sin a (4.26) 

This implies 

sinh (3 = — tan a , cosh ,3 = (4.27) 

cos a 
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Figure 3: A short segment of the NS1 moving at the speed of light in the y direction. This yields a 
velocity v for the segment in the direction perpendicular to itself. 



The final configuration is given by 



ds 



string 



H~ 



-2dt dv + [1 + sinh 2 (3 (H - 1)] dv 2 - 2 sinh (3 {H - 1) dv dz 



n/rr , N /a cos 2 q — /3 sin 2 a . 
+ 2(-/i — 1J I = ctZa — (a + p) cos a at 



cos a 



— (a + 0) sin a cfa dz a J + <iz 2 + dxidxi + dz a dz a + dz a dz a 

B = (H- 1 - 1) dt dv - H- 1 (H - 1) sinh (3dv Adz 
' a sin 2 a — P cos 2 a 



+ H- l (H-l) 



cos a 



A cfea + (a + /?) cos adt A dz a 



„2<I> 



+ (a + /3) sin a A a^a) 
e" = H- 1 

We note that, for a = j3 = 0, we obtain the system (|4.9|1 with 12 

Q P = Qi sinh 2 j3 

The perturbation is proportional to a and /3 and is encoded in the gauge fields 

r 1 Ql 



A+ = {a- 0) H~ 



At = 0, At = 



A~ = (a + 0)H~ 1 Ql r Qp , AT = -2(a + 0)H- 1 ^ 



AT = -2{a + (5)H' 



2 With our conventions a > and j3 < 0. Thus a/Q^ 



fQl sinh/3. 



(4.28) 



(4.29) 



(4.30) 
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where we have redefined 



a- 

a — (5 = — , a + = (a + 0) cos a (4.31) 

cos a 

and we have used (|4,29|) and (|4.27|) . We see that, as before, A + comes from right moving per- 
turbations, proportional to a — 8, and A~ comes from left moving perturbations, proportional 
to a + 0. 

4.2 Solution for A + 

Let us look for a solution of Q4.18JI . in the A + sector, which matches the configuration Q4.3UJI 
when k — > 0. We learned from (|4.30j) that A + receives contributions only from the BPS (right 
moving) part of the wave and that, at least in the long wavelength limit, only the component 
At is non- vanishing. One can thus look for a solution of the form 

At = H~ l at , Af = , At = , At = (4.32) 

Equation (|4.18j) implies the following conditions for at (here A = didi is the ordinary Laplacian 
in the 3-dimensional space of the Xj) 

A = t : dfat = (4.33) 

A = v : A at + d\at - 2A d t d z at = (4.34) 

A = z : d t d z at = (4.35) 

X = i: dtdiat = (4.36) 

It is thus clear that a t-independent at satisfying 

A at + d 2 z at = (4.37) 

solves the linearized equations of motion. The general solution of Q4.37JI . with momentum 

k = £ (4.38) 



along z, is 

at = e ikz c + e hr + c- e~ kr + ^ 
r 

Without loss of generality let us set n to be positive. To have a converging field at large r one 
should take c+ = 0. Matching with (|4.3UI) fixes c_: 

c_ = {a-~0) Qi (4.40) 

so that 

At = {a-~d)H- 1 ^-e ikz ~ kr + c.c. (4.41) 
r 

The above result is consistent with the form of A + derived by Garfinkle-Vachaspati trans- 
form: Consider a string carrying a right moving wave described by the profile Fi(v) in the 
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non-compact directions Xi and f a (v) in the T 4 direction z a . After smearing over z a , Garfinkle- 
Vachaspati transform predicts a gauge field 

A+ = AP+A® (4.42) 

4 X) = 4 2) = -H^ 9l [ LT dv (4.43) 
L T Jo }2i(Xi - Fi(v)Y 

Eq. Q4.43J1 is analogous to the relation Q4.2|) for A^, applied to the case in which the profile 
extends in the T directions. Let us take the near ring limit of (|4.43j) for a profile f a of the 
form 

Hv) = iae- iltv + c.c. (4.44) 
Around some point vq on the ring we write 

z = -\P(v )\(v-v ), z = -\P(v )\v (4.45) 

so that we can write 

f a ( v ) = & e fk C*+«)/l^(«o)l + c.c. = & e ik {z+zo) + c.c. (4.46) 

and 

fa(v) = -iZ-a\F(v )\ ke tk ^ z+ ^ +c.c. (4.47) 
In the near ring limit one can approximate 

A + ~ 2H -i i ^ak e ik Z0 f + °° dz J^_ + c ^ 

Lt J-oo r + z 

= ir.^Mf^t.... (4.48) 

Using (|4.8j) to relate Qi an d Qi we see that (|4.48|) coincides with (|4.41|) . with 

(a-p) = 2i£- a \F(v )\k (4.49) 

The time-independent solution (|4,41|) represents the response of the system to a BPS right 
moving wave. Since the A + part of the gauge field should only be sensitive to BPS deformations, 
we expect that equation (|4.18|) for A + should not admit time-dependent solutions consistent 
with the boundary condition Q4.3U|) . In an appendix we prove this fact for the more general A + 
ansatz. 

4.3 Solution for A" 

We now look at the A" sector, where we expect to find the time-dependent configurations 
corresponding to left moving non-BPS perturbations. 
Consider an ansatz of the form 

A~ = H- 1 a~ , A^ = H- 1 at , A~ = H' 1 a~ , A~ = (4.50) 
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By spherical symmetry AJ only has a radial component A^ and we chose our gauge to set 
Ar = 0. (Such a gauge can have difficulties at r = but we can consider it as an ansatz and 
see later that we obtain a good solution.) The equations for a~, a~[ and a~, obtained by using 
the ansatz (|4.5U|) in (|4.18|) and using the background (|4.9|) . are (we list the equations in the 
order A = t, v, z, i) 

Aat+H d 2 a7 u + d z (d z at - d t a~) + A d t {d z a^ - d t a~) = (4.51) 



A a~ + d 2 a~ - [(HK - A 2 ) d 2 t a~ - 2A d t d z a-] 

+H- 2 diHdiH (2a~ + K c£) - H' 1 diH di(2 a - + K of) + d ia J diK = 

(4.52) 



A a z + H d t d z a v + (HK - A 2 ) d t (d z a t - d t a z ) - A d z (d z a t - d t a z ) 
+2H~ 2 diHd t H(a- + Aat)- 2H' 1 d t H ft (a~ + Ac£) + 2d i a t d { A = 

(4.53) 



Hd t dia v -d z did z + [(H K - A 2 ) d t dia t - Ad z did t - Ad t dia z ] 
+H- 1 diH [d z a- + A (d t a~ + d z a^) - {HK - A 2 ) d t a~] 

-diA (d z at - d t a~) - 2d, t H 8 t a- = (4.54) 



Inspired by the limiting solution 1)4. 30j) . we make the following ansatz for a v , a t and 



a. 



{Qi-Q P )e lkz - wt f(r) 

_2Q ie ikz - iut f(r), a~ = -2^Q p e ikz - wt f(r) (4.55) 



Substituting this ansatz in eq. (|4.51j) we find an equation for f(r): 



-2Q 1 Af-u 2 (Qx -Q p )f + 2k(kQ 1 + u y /Q[Q~ p ) f- ^± [2y^Q~ p k + (Qi + Q p )u] =0 

(4.56) 

This equation can be simplified by taking 



/ = - (4.57) 
r 



after which we get 



-2Qj"-u 2 (Q 1 -Q p )f+2k(kQ 1 +u^Q^ p )f-^^[2 (4.58) 

According to the boundary condition 1)4.30)1 . we want / to go to a constant when r — * 0; this is 
only possible if the 1 jv term in ()4.58)) vanishes and this determines the frequency of oscillation 
to be 

2^/QiQp 
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Using this value of to back in Q4.58JI we find that / satisfies 

f" ~ ~k 2 f = (4.60) 

with 



* 2 =* 2 -" 2 =* 2 (trt) 2 (4 - 61) 

and thus 

f = c+e + ^ r + c-e-^ r (4.62) 

In order to have a converging solution for large r one needs c+ = and to match with (|4.30j) 
one needs c_ = a + [3. To summarize we find 

A' = {a + 0) H- 1 (Q 1 - Q p ) e^"^ e -^- (4.63) 



At = -2(5 + 0) H- 1 Q x e ikz ~ wt , A~ = -2(5 + /3) H^ 1 \/~Cf^Q~ v e ik z ~ iuJ 1 



It is a lengthy but straightforward exercise to verify that (|4.63|) solves the remaining equa- 

4.4 Period of the oscillations 

The speed of the left-moving wave on the supertube is 

\k\ Qi + Qp 

The direction z used above is the coordinate along the supertube. So even though z looked 
like an infinite direction in the 'near tube' limit, this direction is actually a closed curve with a 
length L z . The time for the wave to travel around this closed curve is 

dz _ f Lz ^ Q x + Q p _ 1 [ L * j„ { iQi , lQ Pl 

Jo 

We have 



v 



At= ™= dz^^L= L - dz[J^ + J^] (4.65) 



Qik I „ Qik 

Qi = -j > Qv = — T — V (4-66) 



with 



This gives 



-i 1 d y (a «7\ 



At = 1 J Z dz{r,- 1 + rj) 

1 [ L * a \ dy , d y( dz \^ 
= 2j dz[ Tz + Tz^ ] 

= T^iTmLy) + (T j \F\ 2 dy) 



^(M NS i + M P ) (4.68) 
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where Mjvsi is the mass contributed by the NS1 charge and Mp is the mass of the momentum 
charge. We see that this period At agrees with the period (|2.25|) found from the NS1-P system 
at g = 0. 

We offer an intuitive explanation for the time period (|2.25|) . We have 



Thus we can write (|4.64|) as 



dy 

Wz (4.70) 



'l + (§) 2 



Consider a segment of the NS1 before the perturbation is added. In section (|4.1|) we had seen, 
(with the help of Fig|3J) that because this segment represents a wave traveling in the y direction 
with dy/dt = 1, the velocity of this segment perpendicular to itself was 

v± = sin a = — = (4-71) 

l + (§) 2 

So we have a segment of a NS1, moving at a certain velocity transverse to itself. Go to the rest 
frame of this segment. Then any small perturbation on the segment will move to the right or 
to the left with speed unity. Consider the perturbation going left. 

Now return to the original reference frame, and look at this perturbation on the segment. 
The distances along the segment are not affected by the change of frame (since the boost is 

perpendicular to the segment) but there is a time dilation by a factor 7 = l/y^ 1 — v\. This 
means that the perturbation will be seen to be moving along the strand at a speed 

dy 

v L = 7" 1 = ; = (4.72) 
1 + (S) 2 

We are interested in the motion of the perturbation in the z direction, so we look at the z 
component of this velocity 

dy 

VLz = VLS \ n a = ^ — (4.73) 

What we actually observe as the wave on the supertube is a deformation moving along the 
tube, so we wish to measure the progress of the waveform as a function of the coordinate z. A 
given point on our NS1 segment moves in the direction of the velocity v, so it moves towards 
smaller z values at a speed 

dy 

v z = v± cos a = ^3 — (4.74) 

1 + ( J )a 

Thus if we measure the speed of the left moving perturbation with respect to a a frame where 
z is fixed then we find the velocity 

< eH = VL, z + v z = 2-^- (4.75) 
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which agrees with (|4.7U|) . 

Similarly if we look at the right moving perturbation then we find 

v p R ert = -v L>z + v z = (4.76) 

This agrees with the fact that if we add a further right moving wave to the NS1 then we just 
get another BPS tube configuration, which is stationary and so does not change with time. 



5 Coupling to radiation modes 

The perturbations of the 'thin' tube in the 'infinite line limit' is seen to fall off exponentially 
with the distance from the tube axis. Note however that if we take the longest wavelengths on 
the supertube, then the term e~' fc ' r is not really significant. For such modes \k\ ~ I/a where 
a is the radius of the tube. So e"l fc l r ~ 1 for r <C a, and for r > a we cannot use the infinite 
line limit of the thin tube anyway. If however we look at higher wavenumbers on the tube 
then \k\ ~ n/a and then the factor e~' fc ' r is indeed significant in describing the fall off of the 
perturbation away from the tube axis. 

We now wish to look at the behavior of the perturbation far from the entire supertube, i.e. 
for distances f >o. Here we use the symbol f for the radial coordinate in the 4 dimensional 
noncompact space, to distinguish it from the radial distance r from the tube axis that we used 
in the last section when looking at the 'infinite line limit'. For f> awe get flat space. Suppose 
we were studying a scalar field □'J = in the supertube geometry. We can write 

\& = e - iujt TZ(f)Y^(9,4>,i;) (5.77) 

If uo 2 < then we get solutions ~ g^M*; these are not allowed because they will not conserve 
energy. For uj 2 > 0, we get the behavior (see Appendix (|B)l ) 

„ piuif _i_ „ p —ioJf 
11 = ,3/2 C 1 + °(^)) ( 5 - 7§ ) 

This solution describes traveling waves that carry flux to and from spatial infinity. Thus if we 
start with an excitation localized near the supertube then the part of its wavefunction that 
extends to large f will lead to the energy of excitation flowing off to infinity as radiation. 

Let us see how significant this effect is for the 'thin tube'. Let us set Qi,Q p to be of the 
same order. From ()4.63j) we see that the magnitude of the perturbation behaves as 

A „ H -i9±„-9* (5.79) 
r r + Qi 

Thus if the perturbation is order unity at the ring axis then at distances r > a we will have 

A < ^ (5.80) 
a 

But the thin tube limit is precisely the one where the ratio Qi/a is small, so the part of the 
wavefunction reaching large r is small. Thus the rate of leakage of energy to the radiation field 
is small, and the excitations on the 'thin tube' will be long lived. This is of course consistent 
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with the fact that in the limit g — > we can describe the system by just the free string action 
or the D2 brane DBI action, and here there is no leakage of energy off the supertube to infinity. 

As we keep increasing g we go from the 'thin' tube of Fig(2J(b) to the 'thick tube' of Fig(2Kc). 
Now Qi/a ~ 1 and the strength of the perturbation reaching the radiation zone is not small. 
We thus expect that the energy of excitation will flow off to infinity in a time of order the 
oscillation time of the mode. Thus we expect that the oscillations of the supertube become 
'broad resonances' and cease to be well defined oscillations as we go from FigEfa) to FigJ^c). 

In the above discussion we referred to the excitation as a scalar field, but this is just a toy 
model; what we have is a 1-form field in 5+1 spacetime. In Appendix |Bj) we solve the field 
equations for this 1-form field at infinity, and find again a fall off at infinity that gives a non- 
zero flux of energy. We also find the next correction in 1/f, and show how a series expansion 
in 1/f may be obtained in general. These corrections do not change the fact that the leading 
order term carries flux out to infinity. It is important that the first correction to flat space is 
a potential ~ 1/f 2 and not ~ 1/f; this avoids the appearance of a logarithmic correction at 
infinity. 

It is to be noted that such series solutions in 1/f are asymptotic expansions rather than 
series with a nonzero radius of convergence j^H] ; so these arguments are not a rigorous proof for 
the absence of infinitely long lived oscillations. The wave equations for a given to are similar in 
structure to the Schrodinger equation (in 4+1 dimensions) with a potential V falling to zero at 
infinity 

- K" + V(f , uj)TZ = uj 2 TZ (5.81) 

Note that because uJ 2 > our wavefunction would be like a positive energy eigenstate of the 
Schrodinger equation; i.e. we need an energy eigenvalue embedded in the continuum spectrum. 
For the Schrodinger equation there are several results that exclude such eigenvalues on general 
grounds [3111 ■ The required results come from two kinds of theorems. First we need to know that 
there is no 'potential well with infinitely high walls' near the origin; if there was such a well then 
we can have a positive energy eigenstate which has no 'tail' outside the well. Next, given that 
there is a tail outside the well we need to know that the potential falls off to zero fast enough 
and does not 'oscillate' too much; such oscillations of the potential can cause the wavefunction 
to be back-scattered towards the origin repeatedly and die off too fast to carry a nonzero flux 
at infinity. We cannot directly apply these results to our problem because our equations are not 
exactly the Schrodinger equation, but the potential like terms in our equations do not appear 
to be of the kind that will prevent flux leakage to infinity. 

To summarize, we conjecture that as we increase g to go from FigEl (a) to Fig|2{c) the 
periodic oscillations present at g —* merge into the continuum spectrum of bulk supergravity. 
Thus for g > the energy of excitation placed on the supertube eventually leaks off to infinity, 
with the rate of leakage increasing as we go from the 'thin tube' to the 'thick tube'. 

6 Long lived excitations at large coupling 

Let us increase the coupling still further. Then the supertube geometry becomes like that 
pictured in Fig|2^d) |H2 E2 E| The metric is flat space at infinity, then we have a 'neck' 
region, this leads to a deep 'throat' which ends in a 'cap' near r = 0. Supergravity quanta 
can be trapped in the 'throat' bouncing between the cap and the neck for long times before 
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escaping to infinity. We first consider the gravity description, then a microscopic computation, 
and finally suggest a relation between the two. 



6.1 The geometry at large effective coupling 

Consider an NS1 wrapped n\ times on the S 1 with radius R y , and give it the transverse vibration 
profile 

X\=acos — , A2 = asm — — (6.1) 

TL\Ry TL\Ry 

Thus the string describes a 'uniform helix with one turn' in the covering space of the S . At 
weak coupling g — > we get a ring with radius a in flat space, while at strong coupling we get 
a geometry like Fig|2jd) with the circle (|6.1jl sinking deep into the throat (the dotted line in 
the figure). 

In |Sj the computations were done in the D1-D5 duality frame, so let us start with that frame 
and dualize back to NS1-P later. We will denote quantities in the D1-D5 frame by primes. The 
time for a supergravity quantum to make one trip down the throat and back up is 

AW = irR' y (6.2) 

where R' y is the radius of S 1 in the D1-D5 frame. When the quantum reaches the neck there 
is a probability P that it would escape to infinity, and a probability 1 — P that it would reflect 
back down the throat for another cycle. For low energy quanta in the Z-th spherical harmonic 
this probability P is given by |5S1 ^3 

p = 4 2 ( QiQW 4 y+u 1 i2 (6 3) 

v 16 ' \l + l)W. v ' 

where u' is the energy of the quantum. We see that the escape probability is highest for the 
s-wave, so we set I = 0. Then the expected time after which the trapped quantum will escape 
is 

^tescape — Pq At osc 

The low energy quanta in the throat have to' ~ 2tt/ At osc so for our estimate we set 

J = A (6.5) 

We then find 

_ &t escape \ 1 AQlQ'?,) 1 -14 (f. n\ 

At osc ~ (2vr)2 Q[Q' 5 ~ (2tt) 2 1 a' J 1 ' > 

where a' = (Q' 1 Q' 5 ) 1 ^' 2 /R' y is the radius obtained from a after the dualities to the D1-D5 frame 
[S]. In this frame the cap+throat region has the geometry of global AdS% x S 3 x T 4 . The 
curvature radius of the AdS^ and S 3 is {QiQ'^) 1 ^ . The ratio 

lls mi (6 .7) 
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gives the number of AdS radii that we can go outwards from r = before reaching the 'neck' 
region. 13 Thus (3 is a measure of the depth of the throat compared to its diameter. 

While all lengths in the noncompact directions are scaled under the dualities, the ratio of 
such lengths is unchanged. Thus in the NS1-P duality frame 

P = {QlQp)l (6.8) 
a 

We note that 

a ~ (3 A (6.9) 

Thus when the throat becomes deep the quanta trapped in the throat become long lived exci- 
tations of the system. 

For completeness let us also start from the other limit, where the coupling is weak and 
we have a thin long tube as in FigEfb). The radius of the ring described by (|6.1|) is a. The 
gravitational effect of NS1,P charges extends to distances Qi, Q p from the ring. In the definitions 
(|4.8|) we put in the profile ()6.1|) . and find 

Q, = |, P = | (6.10) 



If we take for the 'thickness' of the ring the length scale \JQiQ p then from (|6.1UI) we find 

(QiQ P ) 1/2 (QiQ P ) 1/2 (3 2 



2a 2 ' 2 



(6.11) 



so we see again that the ring 'thickness' becomes comparable to the ring radius when f3 ~ 1. 
For (3 <C 1 we have a 'thin ring' and for /3> 1 we have a 'deep throat'. 

Instead of using y/QiQ p as a measure of the ring thickness we can say that the ring is thin 
when 

a>Qx, a>Q P (6.12) 
This can be encoded in the requirement 

»^ < 6 - 13 > 

From the first equality in (|4.65|) we get an expression for At, which we equate to the expression 
found in (|2~2~5|) . to get 

K Q i + Qg =At = 7ra / Mr (6 14) 

where L z = 2-7ra is the length of the ring and Mt is its total mass. Using this and (J6.1U|) we 
can rewrite (j6.13|) as 

a'M T > {QiQ p ) 1/2 = (0l ^ p)1/2 (6.15) 



This can be seen from the metric for the profile lOTTJ 5T1 I551I2T| . 
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Expressing the macroscopic parameters in terms of the microscopic charges and moduli 

2 ft 1 lA 

g ' a n\ - g a n p , 

Ql = — - — , Q p = VR2 y , a = ^nin p a' (6.16) 

we find that the ring is 'thin' when 

a'M T > 9 — (6.17) 

VKy 

This version of the criterion for ring thickness will be of use below. 
6.2 The phase transition in the microscopic picture 

We now turn to the microscopic description of the system. Consider first the BPS bound state 
in the D1-D5 duality frame. Suppose we add a little bit of energy to take the system slightly 
above extremality. From the work on near-extremal states |34l 1331 we know that the 
energy will go to exciting vibrations that run up and down the components of the effective 
string 

D1-D5 + AE -► D1-D5 + PP (6.18) 

where we call the excitations PP since they carry momentum charge in the positive and negative 
S 1 directions. For the geometry made by starting with the NS1-P profile ()6.1|) we have no 
'fractionation'; i.e. the effective string formed in the D1-D5 bound state has n\n§ 'singly 
wound' circles J$\. Thus the minimum energy needed to excite the system is the energy of one 
left and one right mover on the effective string 

AEpp m = ± + i, = JL (6 . 19 ) 

The charges D1-D5-P can be permuted into each other, so we can map D1-D5 to P-Dl, and 
then the dual of (|6~TH|) is 

P-Dl + AE -> P-Dl + D5DE (6.20) 

A further S duality brings the system to the NS1-P system that we are studying, and then we 

get 

P-NSl + AE -> P-NS1 + NS5NS5 (6.21) 

This may look strange, since it says that if we excite an oscillating string the energy of excitations 
goes to creating pairs of NS5 branes; we are more used to the fact that energy added to a string 
just creates more oscillations of the string. Dualizing (|6.19|) gives for the excitation (|6.21f) the 
minimum energy threshold 

AE N S sl^m = ^"S 5 = (6.22) 

Thus at small g these excitations are indeed heavy and should not occur. For comparison, we 
find the minimum energy required to excite oscillations on the NS1-P system. For small g we 
use the spectrum of the free string which gives 



M 2 = (^ + + ±N L = - + ^N R (6.23) 

Hy a' a' Hy a' 



4 The expression for a is obtained by using the profile 16. 11 in 14.31 and use the expressions 14.41 . 
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The lowest excitation is given by 5Nl = 5Nr = 1. This gives 



^EZ S c if atims = AM = —;Yf- (6.24) 

a' Mt 

where Mt is the total mass of the BPS NS1-P state. 

We now observe that oscillations on the NS1-P system are lighter than NS5 excitations only 
when 

1 VRy 

Thus for very small g the lightest excitation on the NS1-P system is an oscillation of the string. 
But above a certain g the NS5NS5 pairs are lighter and so will be the preferred excitation 
when we add energy to the system. 



6.3 Comparing the gravity and microscopic pictures 

We now observe that the conditions H6.17j) and Q6.25JI are the same. Thus we see that when the 
ring is thin then in the corresponding microscopic picture we have '2-charge excitations'; i.e. 
the third charge NS5 is not excited and the string giving the NS1-P state just gets additional 
excitations which may be interpreted as pairs of NS1 and P charges. But when we increase the 
coupling beyond the point where the ring becomes 'thick' and the geometry is better described 
as a throat, then the dual CFT has '3-charge excitations' which are pairs of NS5 branes. When 
g is small and the ring is thin then the oscillations of the supertube are long lived because they 
couple only weakly to the radiation modes of the gravity field. When the tube becomes very 
thick then the oscillation modes are again long lived - we get /5 > 1 and by (|6,9|) this implies 
a very slow leakage of energy to infinity. 

Thus we see that the modes at small and large coupling should not be seen as the 'same' 
modes; rather the '2-charge modes' at weak coupling disappear at larger g because of coupling 
to the radiation field, and at still larger g the '3-charge modes' appear. For these latter modes 
one might say that the gravitational field of the system has 'trapped' the excitations of the 
metric from the region f < (Qi) 1 ^ 2 , (Qp) 1 ^ 2 , so that these modes have in some sense been 
extracted from the radiation field. 



7 A conjecture on identifying bound states for the 3-charge 
extremal system 

Consider a DO brane placed near a D4 brane. The force between the branes vanishes. But now 
give the DO a small velocity in the space transverse to the D4. The force between the branes 
goes as ~ v 2 , and the motion of the DO can be described as a geodesic on the moduli space of 
its static configurations 0. This moduli space would be flat if we took a DO-DO system (which 
is 1/2 BPS) but for the D0-D4 case (which is 1/4 BPS) the metric is a nonflat hyperkahler 
metric. 

We can look at more complicated systems, for example 3-charge black holes in 4+1 space- 
time. Now the system is 1/8 BPS. The positions of the black holes give coordinates on moduli 
space, and the metric on moduli space was computed in J3.. If we set to zero one of the three 
charges then we get a 1/4 BPS system. 
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It is easy to distinguish 'motion on moduli space' from the kinds of oscillatory behavior that 
we have encountered in the dynamics of supertubes. As mentioned in the introduction, when 
we have motion on moduli space we take the limit of the velocity going to zero, and over a long 
time At the system configuration changes by order unity. Using Ax as a general symbol for 
the change in the configuration 15 we have for 'drift on moduli space' 

v ~ e, Ai~-, Ax ~ 1, (e -> 0) (7.1) 
e 

On the other hand for the periodic behavior that we have found for both the weak coupling 
and strong coupling dynamics of bound states, we have 

v ~ e, At ~ 1, Ax ~ e (e 0) (7.2) 

Note that for the motion (|7.1I) the energy lost to radiation during the motion vanishes as e — > 0, 
so the dynamics IJ7.1|) is unlike any of the cases that we have discussed for the bound state. 

While the moduli space metric in [5] was found for spherically symmetric black holes ('naive 
geometries' in the language of we expect that a similar 'drifting' motion would occur even if 
we took two 'actual' geometries of the 2-charge system and gave them a small relative velocity 
with respect to each other. 16 Thus such unbound systems would have a dynamical mode not 
present for the bound states. 

For the bound state 3-charge geometries that have been constructed JH] the structure is 
very similar to the structure of 2-charge geometries. It is therefore reasonable to conjecture that 
3-charge geometries will have a similar behavior: Unbound systems will have 'drift' modes like 
(|7.1|) while bound systems will have no such modes. If true, this conjecture could be very useful 
for the following reason. It is known how to write down the class of all 3-charge supersymmetric 
geometries ^1 EH1 ES]- But we do not know which of these are bound states. On the other 
hand the microstates of the 3-charge black hole [37] are bound states of three charges. If we 
can select the bound state geometries from the unbound ones by some criterion then we would 
have a path to understanding all the microstates of the 3-charge black hole. This is important 
because the 3-charge hole has a classical horizon and our results on this hole should extend to 
all holes. 

To summarize, it seems a reasonable conjecture that out of the class of all supersymmetric 
3-charge geometries the bound states are those that have no 'drift' modes Q7.1|) . It would be 
interesting to look for 'drift' modes for the 3-charge geometries constructed recently in [38^ 139] : 
here the CFT dual is not known so we do not know a priori if the configuration is a bound 
state. The same applies for geometries made by adding KK-monopole charge to BPS systems 
carrying a smaller number of charges H0j- It would also be useful to extend these considerations 
to the suggested construction of 3-charge supertubes and their geometries |1T1 E2*] . 

In the introduction we have also asked the question: Can the bound state break up into two 
or more unbound states under a small perturbation? Since the bound state is only threshold 
bound, such a breakup is allowed on energetic grounds. But for the 2-charge system we see that 
bound states are not 'close' to unbound states. The bound states are described by a simple 
closed curve traced out by the locations x = F(v) for < v < Lt- A superposition of two such 

15 For example x could be the separation of two black hole centers. 

16 The motion of the centers of the two states could be accompanied by a slow change in the internal configu- 
rations of the states. 



39 



bound states has two such simple closed curves. The curve can break up into two curves if it 
self- intersects, but in a generic state the curve is not self-intersecting. If we add a little energy 
to a 2-charge bound state then we have seen that the configuration does not 'drift' through 
the space of bound states, so the curve will not drift to a curve with a self-intersection and 
then split. Thus we expect that generic bound states are stable to small perturbations; energy 
added to them causes small oscillations for a while and the energy is eventually lost to infinity 
as radiation. 

8 Discussion 

Let us summarize our arguments and conjectures. If we have two BPS objects with 1/4 susy then 
they feel no force at rest, but their low energy dynamics is a slow relative motion described 
by geodesies on a moduli space. If we look at just one 1/4 BPS bound state then it has a 
large degeneracy, which in the classical limit manifests itself as a continuous family of time- 
independent solutions. If we add a small energy to the BPS bound state, then what is the 
evolution of the system? 

Based on the behavior of unbound objects one might think that there will again be a 
'drift' over the family of configurations, described by some metric on the moduli space of 
configurations. But we have argued that this is not what we should expect. We first looked 
at the 1/4 BPS configurations at zero coupling, where we get 'supertubes' described by a DBI 
action. We saw that the best way to get the dynamics of such 1/4 BPS objects is to use 
the NS1-P picture, which is a 'multiwound string carrying a traveling wave'. For this zero 
coupling limit we found that instead of a 'drift' over configurations' we get oscillatory behavior. 
These oscillations are not described by a collection of simple harmonic oscillators. Rather they 
are like the motion of a charged particle in a magnetic field where each term in the equation 
of motion has at least one time derivative, and there is a continuous family of equilibrium 
configurations. We found a simple expression (|2.25|) for the period of oscillations with arbitrary 
amplitude, which reduced to the period found in |13j for the case of small oscillations of the 
round supertube. 

If we increase the coupling a little then we get a gravity description of the supertube, 
but with gravitational field of the tube extending only to distances small compared to the 
circumference of the tube. Thus we get a 'thin' long tube. Zooming in to a point of the tube 
we see an essentially straight segment, and we studied the perturbations to this geometry. We 
found excitations that agree in frequency with those found from the zero coupling analysis. 

We noted that the part of the excitation that leaks out to spatial infinity will have the form 
of a traveling wave. As we increase the coupling the amplitude of the wave reaching this region 
becomes larger. Thus there will be an energy flux leaking out to infinity, and the excitation will 
not remain concentrated near the supertube. But as we increase the coupling still further we 
find that the geometry develops a deep 'throat' and we get a new kind of long lived excitation: 
Supergravity modes can be trapped in this throat for long times, only slowly leaking their 
energy to infinity. 

We argued that the different kinds of excitations found at weak and strong coupling reflect 
the phase transition that had been noted earlier from the study of black holes |14| I15| . At weak 
coupling the excitations on such a system creates pairs of the charges already present in the 
BPS state. But at larger coupling the excitation energy goes to creating pairs of a third kind 
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of charge. The value of g where this transition occurs was found to have the same dependence 
on V, R, rii as the value of g where the supertube stops being 'thin'; i.e. where the gravitational 
effect of the tube starts extending to distances comparable to the radius of the tube. 

We have noted that bound states do not exhibit a 'drift' over a moduli space of configura- 
tions, while unbound states do. If 3-charge systems behave qualitatively in the same way as 
2-charge ones then this fact can be used to distinguish bound states from unbound ones for 
the class of 1/8 BPS states; such bound states would give microstates of the 3-charge extremal 
hole. 
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A Analysis of the A + equations 

In this appendix we look at the field equations (|4.18|) for the field A + . We have found the 
expected time- independent solutions in section Q4.2JI . We will now consider a general ansatz for 
the solution and argue that there are no time dependent solutions for this field, if we demand 
consistency with the long wavelength limit (|4.3()j) . 
Let us write 

A+ = H- 1 a+, A+ = 4, At = 4, Af = af (A.l) 

Since we have spherical symmetry in the space spanned by the coordinates i all fields will 
be functions only of the radial coordinate r in this space; further, the Af can have only the 
component At ■ Putting this ansatz into (|4.1H|) we obtain the coupled system of equations (we 
list the equations in the order A = t, v, z, i) 

A af + d14 - dtdiaf + d z (8 z at - $a+) + Ad t (d z a+ - $a+) = (A.2) 
A a+ + d 2 z at - [{HK - A 2 ) d1a+ - 2Ad t d z at\ 

+ [di(HK - A 2 )di4 ~ 2diAdi4] - [d^HK - A 2 )d t 4 - 2d { Ad z 4] = 

(A.3) 

A at + d t 8 z at - 8^4 + (HK - A 2 ) d t {d z 4 - d t a+) 

-Ad z (d z 4 -d t 4) = o (a.4) 

d t di4 ~ d z di4 + d 2 4 ~ djipirij ~ dj4) + ®i A ( d z4 ~ ®t4) 

+[{hk - a 2 ) d t di4 - a d-^4 - a d t di4\ 

— [{HK - A 2 )d 2 4 - 2Ad t d z 4\ = (A.5) 
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We look for a gauge field A + having the same z and t dependence as A . We write 

at = e lkz ~^ 1 f v (r) , a+ = e^"^' f t (r) 

at = e ikz - lU)t f z (r) , at = ie ikz ~ iujt 8 r A (A.6) 

where the notation we have used for at will be helpful in what follows. 
Consider first equations (|A.2|) and l|A.4|> : 

A f t - uj 2 f v - uj AA - (k f t + u f z ) (k - uj A) = 

A f z + tok f v + k A A + (jfe ft + u f z ) [k A + u (HK - A 2 )} = (A.7) 

Taking k times the first equation plus uj times the second we get 

A(kf t + uf z )- [k 2 -2ujkA-io 2 (Hk-A 2 )}(kft + iof z ) = (A.8) 

We note that the coefficient k 2 — 2ook A — ui 2 (HK — A 2 ) has the form c + d/r. If d ^ then by 
an argument similar to that leading to Q4.59JI we find that there is no solution with the required 
behavior at r = 0. Setting d = tells us that we need to have the same relation between uj and 
k that we have seen before (|4.59|) 

Qi + Qp 

Using HA.9|) one finds 



k 2 -2ujkA-uj 2 {HK-A 2 ) = k 2 ( ® 1 ® P Y = k 2 (A.10) 

and thus 

A(kft + ujf z )-k 2 (kf t + ujf z ) = (A.ll) 
The solution of the above equation that converges at infinity is 

kft + ujf z = c 6 -^ (A.12) 
r 

Let us now look at equation ()A.3|1 . Using (|A.9|) and (|A.12|) we find 

[(HK - A 2 ) d 2 at - 2Ad t d z at] = -uj 2 f v 

[di(Hk - A 2 )d ia t - 28^3^] = \ dr(^~) 

[di{HK - A 2 )d t at - 2diAd z af] = (A.13) 

Then equation (|A.3|) becomes 

A/„ -k 2 f v - ®±±^ \ d r (— ) = (A.14) 
r k V r / 

We find that unless 

c = (A.15) 
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/„ will be too singular to agree with (|4,3U|) at small r. The vanishing of c also makes (jA.12j) 
agree with (|4,3U|) at small r. 

Prom (jA. 14|) and using the short distance limit implied by (|4.3U|) we get 

fv = (a- P) Qi (A.16) 
r 

Consider now the last equation (|A.5|) (for i = r, the only non-trivial component). The fact that 
c = implies 

d z at - d t a+ = (A.17) 

Moreover one has 

[{HK - A 2 ) d t d r af - Ad z d r af - Ad t d r af] = -iu d r f t 

[{HK - A 2 )d?a+ - 2Ad t d z a+] = -ico 2 d r A (A.18) 



Equation ()A,5|) then gives 



k 2 - 

d r fv + ( 1 - ) d r (f t - u A) = (A.19) 



u;2 



Equation ()A.2|) also simplifies to 

A(f t -u;A)-u; 2 f v = (A.20) 

We see that (JA.19JI implies (|A.20|) . But at this stage we would like to compare the solution we 
have found with the limits required by Q4.3UJ1 . First consider the case Q\ = Q p - Then u = k 
and ()A.19|) is not compatible with (|A.16|) . Now consider Qi ^ Q p - Eq. (|A.19|) implies 

oj 2 

f t -ioA= — =■ /„ + const. (A.21) 

k — uj z 

This is again incompatible with the limit (|4.3U|) , according to which ft — lo A should vanish for 
small r. We conclude that there are no time-dependent solutions for A + consistent with the 
limit (JODl). 



B Asymptotic behavior of the perturbation 

In this appendix we will study the behavior of perturbations on the 2-charge geometries near 
spatial infinity. We wish to see how fields fall off with f, and in particular to check that they 
carry energy flux off to infinity. We will first look at a scalar field to get an idea of the behaviors 
involved, and then address the 1-form gauge field that is actually excited in our problem. 



B.l The scalar perturbation 

Consider first the case in which the perturbation is represented by a minimally coupled scalar 
ty. We take the metric (|4.1jl and look at its large f limit. We denote by f, 9, (f>, ip the spherical 
coordinates in the 4 noncompact dimensions Xi (i = 1,... ,4). The 5D Einstein metric is 

ds 2 = -h-^ dt 2 + h 2 / 3 (dr 2 + f 2 d9 2 + f 2 sin 2 dcj) 2 + r 2 cos 2 9 dip 2 ) (B.l) 
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with 



We set momentum along the S 1 to zero and expand in angular harmonics 

* = e -^* -]i(f) Y^ l \e,(l),ip) (B.3) 
where the Z-th scalar spherical harmonic. The wave equation for \& 

□* = (B.4) 

implies 

■^dr{r dfK) + a; I H — - H =r^ ^ =5 — 7£ = (B.5) 



We can understand the behavior of 1Z at large r as follows. If we define 



the equation for 1Z is 



8?K + ^ + (<5 ' + - "' + 2> - 3/4 R + g#V ft = (B.7) 

At leading order in 1/f the terms proportional to 1/f 2 and 1/f 4 can be neglected and we have 
the solution 

iwr _i_ „ p —iu>r 

U = r + e iu> f + r_ e~ i£J f =► K = — (B.8) 

which corresponds to traveling waves carrying a nonzero flux. When the terms of higher order 
in 1/f are included, (jB.7|) can be recursively solved as a formal power series in 1/f: 

n=l n=l 

(n) 

The coefficients r^. in this expansion are determined by the recursion relation 



(„_!)/ (Qi + QpV-/(/ + 2) -3/4\ (n~3)Ql<9pW 

+ in — 1 H + r+ 



The r± are finite for any value of u and any n. However, since at large n one has 



(B.10) 



± ~=F-^ i (B.ll 



J"- 1 ) 2u 

the series (|B.9|I has zero radius of convergence. Equations like ()B.5|) lead instead to asymptotic 
series in 1/r |29j . and we expect that the above expansion is to be interpreted as an asymptotic 
series, which accurately describes the behavior of 1Z at sufficiently large f . From (|B.9|) we 
can still conclude that the perturbation 1Z radiates a finite amount of flux at infinity. Note 
that, in order to avoid logarithms in the expansion (jB.9j) . it is crucial that the next to leading 
corrections to the equation (|B.7|) are of order 1/f 2 . 
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B.2 The vector perturbation 

We find a similar situation for the case in which the perturbation is represented by a vector 
on the six dimensional space B^ 5,1 ) x 5 1 . As we showed in section @ the perturbation on the 
2-charge system is a vector field with wave equation 



1 



2$ H nv\ p± = o 



(B.12) 



The gauge fields A^ and A~ represent respectively BPS and non-BPS perturbations. Since we 
are interested in time-dependent, non-BPS, perturbations, we will only look at the equation 
for „4~ in this section. For the metric, dilaton and B-field appearing in (|B.12|) we will take the 
large f limits 



ds 2 



B 



H- 1 [-dt 2 + dy 2 + K (dt - dyf] + df 2 + r 2 d9 2 + f 2 sin 2 9 dcf? + f 2 cos 2 9 dip 2 
-(H- 1 - l)dt Ady, e 2 ® = H- 1 (B.13) 



with 



s = i + %, « = § 



(B.14) 

The spherical symmetry of the background ()B.13|) allows us to expand the vector field com- 
ponents into spherical harmonics: Denoting by and Ya the scalar and vector spherical 
harmonics on S 3 , we can write 



Aj 



-iu> t ■ 



: U^f) Y® (9, 0, V) , A~ = e-*" 1 [TZ s {r) d a Y® (9, <f>, + K v (f ) Y® (9, <f>, ?/,)] 

(B.15) 

with I = t,y,r and a = 6,(f>, ifr- We will need the following spherical harmonic identities 



□'y(0 = -/(/ + 2) y®, □ / yW = (2-(/ + i) 2 )y« = - c (/)y«, v' a Y® = o (B.ie) 

where "primed" quantities refer to the metric on an S 3 of unit radius. (We use a notation in 
which I = 0,1,... for the scalar harmonics and / = 1,2,... for the vector harmonics). The 
components with A = a in (|B.12|) give 



Or 



fg IJ dj{e-^ l n v 



c(0 + 2 



-IU t 



K„ = 



rg 



I J 



-iu t 



r- 

icu t ■ 



Tlj-dj{e- wt n 



and the components with X = I give 

f 3 g KL g IJ (d L (e-^ *Kj) - dj (e~^ 1 TZ L ) 



,IJ 



9 IJ 1(1 + 2) 



e IJK %(dj(e-^ t lZ K ) - dKie-^Kj) 



(B.17) 

(B.18) 
= 



with e rty = 1. As expected from group theory considerations, the component 1Z V decouples 
from all others, while 1Z S and IZi satisfy a coupled system of differential equations. We want 
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to show that, in spite of these mixings, 7Z V , 1Z S and TZi admit an 1/r expansion analogous to 
(|B.9|) , Putting in the explicit value of gjj in ()B.17|) and ()B.18|) and using the gauge 



= (B.19) 

we obtain the following system of equations 

-df{rdfU v ) + w H 35 — - H =3-^ 33 — 7£„ = (B.20) 

l -d f {fd f n s )+u 2 (i + + ^)n s - l -d f {fK f ) - + ^)7^ = 

(B.21) 



-iw % (l + %) a f 7^ + 2iuo Q± TZ y = (B.22) 



■z^Of{r ,i TZf) zn — 7£ s + iuj I 1 + j 7Z 



~4 ( x + - <2p) ( icj7 ^ + = ( B - 24 ) 

(Eq. (fB~22l) is the I = f component of (lB~18l) : eqs. (IB~23l) and (IB~24l) are linear combinations 



of the I = t,y components of (|B.18|1 .) 

Eq. (|B.20|) for 1Z V is analogous to eq. ()B.7|) : it thus admits an analogous asymptotic expan- 
sion, of the form 

K. - r„ + fgy (l + £ 7?) + (l + £ ) CBJB) 

n=l n=l 

When expressed in local orthonormal coordinates, the contribution of 1Z V to A~ is of the type 



^^^on) ( B - 26 ) 

and thus it again gives rise to a wave carrying finite flux at infinity. 

The remaining eqs. QB. 2 1MB .24)) are four relations for the three unknowns 1Z S , IZf and TZ y : 
this is so because we have used gauge invariance to eliminate one unknown, IZt- It then must 
be that only three of the four eqs. (|B.21IB.24|) are linearly independent, and indeed one can 
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check that eq. (|B.23|) . for example, follows from (|B.21j) and (|B.22|I . We are thus left to solve the 
coupled system of equations ()B,21|) . (|B.22j) and (|B.24[) . We can do this by using the following 
strategy: solve eq. (jB.22j) for TZf and substitute into (|B.21j) and HB.24|) . which can then be 
solved for TZ S and TZ y , iteratively in 1/f. To make the behavior at large f more transparent we 



also write TZ S and TZ y as 



We find 



and 



K- = ^k- W » = !fe (B.27) 



#5. + J n s + ^1 + ^ + 1/4 n, + !2+£ Bin, + Off-) = o 

+ + " 2(0 ' ^ - ' ( ' + 2) - 3 "4 , + 0(f) = (B.29) 



In ()B.28|) and (jB.29j) we have organized the powers of 1/r by assuming that TZ S , TZ y and their 
f-derivatives are of order f°: By looking at (|B.29|) . we see that this assumption is actually 



implied by the equations themselves. Note also that the next to leading corrections in (|B.2 
are of oder 1/f 2 . We can thus conclude that TZ S and lZ y have the form 



oo An) iujf oo (n) 

' e —I— e * "k ' o 



s fl/2 / j fn fl/2 / j pn 

n=0 n=0 

e iu>f 00 r ( n | e -iu>f °° r W 

^ ~ ^3/2 ~Br + ~^3/2~ X] (B.30) 

n=0 n=0 

Analogously to the case of the scalar perturbation, the coefficients r^™2 and r^™2 for n > 1 are 

recursively determined from and r y °]_, and are finite for any value of to and any finite n. 
Substituting in (IB~28l) we have the solution for TZf 

^ f ~ ^5/2 ^2 + f 5/2 X "^T (B.31) 

n=0 n=0 

where r^™2 are determined in terms of and r^ n _j_ (the leading coefficients r£°]_ vanish for 
/ OS. 

The components TZ S and TZ y give rise to nonvanishing energy flux at infinity while TZf does 
not contribute to the flux at leading order. Note that because TZf is zero if both TZ S and TZ y 
vanish, it is not possible to have a solution in which only TZf is excited, and thus all solutions 
carry some flux at infinity. 
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